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MPM-221: ADVANCE QUANTUM MECHANICS Credit 04 (3-1-0)
Unit I: Formulation of Relativistic Quantum Theory

Relativistic Notations, The Klein-Gordon equation, Physical interpretation, Probability current density & Inadequacy of Klein-Gordon equation,
Dirac relativistic equation & Mathematical formulation, o and B matrices and related algebra, Properties of four matrices o and B, Matrix

representation of af and B, True continuity equation and interpretation.

Unit I1: Covariance of Dirac Equation

Covariant form of Dirac equation, Dirac gamma (y) matrices, Representation and properties, Trace identities, fifth gamma matrix y°, Solution of
Dirac equation for free particle (Plane wave solution), Dirac spinor, Helicity operator, Explicit form, Negative energy states

Unit 111 Field Quantization

Introduction to quantum field theory, Lagrangian field theory, Euler—Lagrange equations, Hamiltonian formalism, Quantized Lagrangian field
theory, Canonical commutation relations, The Klein-Gordon field, Second quantization, Hamiltonian and Momentum, Normal ordering, Fock
space, The complex Klein-Gordan field: complex scalar field

Unit IV: Approximate Methods
Time independent perturbation theory, The Variational method, Estimation of ground state energy, The Wentzel-Kramers-
Brillouin (WKB) method, Validity of the WKB approximation, Time-Dependent Perturbation theory, Transition probability, Fermi-Golden Rule

Books & References:

1: Advance Quantum Mechanics by J. J. Sakurai ( Pearson Education India)

2: Relativistic Quantum Mechanics by James D. Bjorken and Sidney D. Drell (McGraw-Hill Book Company; New York, 1964).
3: An Introduction to Relativistic Quantum Field Theory by S.S. Schweber (Harper & Row, New York, 1961).

4: Quantum Field Theory by F. Mandl & G. Shaw (John Wiley and Sons Ltd, 1984)
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Covariance form of the Dirac Equation
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Gamma Matrices




Properties of Gamma Matrices
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Solution of Dirac Equation for free particles: Plane wave solution




Solution of Dirac Equation for free particles: Continue...
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Schrodinger —Klein-Gordon — Dirac
0

p" = (E,p)
Quantum mechanical E & p operators: - Ot

ﬁ=—i§) — oM = i(%, —V)

You simply ‘derive’ the Schrodinger equation from classical mechanics:
2

E:p— —> 1 Q¢ — g i Vz ¢ Schroédinger equation
2m Ot 2m

With the relativistic relation between E, p & m you get:

2
E 2 :pz +m2 —> §¢ = V2 Q— m2 @ Klein-Gordon equation

The negative energy solutions led Dirac to try an equation with
first order derivatives in time (like Schrodinger) as well as in space

. 0 =
la(l) = —1 OC‘V(I) + Bm(l) Dirac equation



Does it make sense?

Also Dirac equation should reflect: ~E 2 —1_9)2 +m?

7, = o
Basically squaring: la(]) =—io-Vp+ Pmo = a-pd+ fmo
Tells you:

l(O_g . ﬁ+ Bmc)zl — (@zpz /Bmc)( QP + 6mc)
2 / — ﬁszCQ > ﬂ2=1
: 2 / +2 [04 P2+ (i + Baz-)pz-mc} —> ;2=1
m ‘_/z af+Ba =0

+ > [(cuey + ajou)pip;] —> i#: o g +0;05=0

1>]

I—)’Z



Properties of . and 3

L and a can not be simple commuting numbers, but must be matrices

Because [3°= a;%=1, both and a must have eigenvalues + 1

Since the eigenvalues are real (+1), T
both fand a must be Hermitean Q; — & €1 gt =

AijBjyCy; = Cy; AijBjx = BjCy; Ajj
Both S and a must be traceless matrices: Tr(ABC) = Tr(CAB) = Tr(BCA)

anti
p3=1 cyclic  commutation B2=1

Tr(ea; ) = Tr(aBB) = Tr(BaP) = —Tr(aPP) = —Tr(a; ) and hence Tr(c; )=0

You can easily show the dimension d of the matrices ,a to be even:
—|eie|, dodd
+|o;ei|, d even
or: with eigenvalues 1, matrices are only traceless in even dimensions

either: 7 £ 7 : || = | — ajou] = (—=1)%e04| = {



Explicit expressions for a; and 3

In 2 dimensions, you find at most 3 anti-commuting matrices,
Pauli spin matrices:

0 1 0 —i 1 0
17\ 10/ 27\ o) T \0 -1

In 4 dimensions, you can find 4 anti-commuting matrices,
numerous possibilities, Dirac-Pauli representation:

- 1 0 - 0 OL
(o 1) @ (0 %)
0 0 1 0 O 0O O
0 10 0 0 O 10 O
0) “1_<0 0) az=| o9 —j “3_<1 0
-1 1 0 i 0 0 -1

iy

_=o O

COoOm O
=
oOmOoO O
COm O
SO~ QO
(=R )
OO =

Any other set of 4 anti-commutating matrices will give same physics

(if the Dirac equation is to make any sense at all of course .....
and ... if it would not: we would not be discussing it here!)



Co-variant form: Dirac y-matrices

la(l) = —I 6{-\7(]) + Bm¢ does not look that Lorentz invariant

Multiplying on the left with B and collecting all the derivatives gives:

mo = lﬁ%(l) + i ,B&)-\?(I) = iy“ﬁucl) note: 3, = (8;,+V)
Hereby, the Dirac y-matrices are defined as:

'705»8((1) _?), ’ykzﬁak(_?jk %k)
And you can verify that: y*v" + y“y* = 2g*”

0f — 4 A0
As well as: (70)2 = +1 and: ’yk: = +7k s yH+ = yOyhy0
(v*)? = -1 7 ==



Co-variant form: Dirac y-matrices

oo T

mo = iy“f)“(b with the Dirac y-matrices defined as:

|

Ok
0

0
oy,

|

0
—1

1
0

(

b=

v’ =




Warning!
This m¢ = iy“@ud) notation is misleading, y*' is not a 4-vector!

The ”Y“ are just a set of four 4 x4 matrices, which do no not transform

at all i.e. in every frame they are the same, despite the p-index.

The Dirac wave-functions (¢ or y), so-called “spinors” have interesting

Lorentz transformation properties which we will discuss shortly.

After that it will become clear why the notation with y“ is useful!
& beautiful!

Y% = +7°

To make things even worse, we define: { y ’Yk
k= —



Spinors & (Dirac) matrices
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Dirac current & probability densities

Proceed analogously to Schrodinger & Klein-Gordon equations,
but with Hermitean instead of complex conjugate wave-functions:

0 = —iho Ty — meyt -
= —ihOo 1 + ihOpT Y — meyt X 0
— —ihd, Y107 + ihdkbt Ry — meytyP
— _?;ﬁ(jﬂ pin0y0 — RO Ty E — meapTa©
= —ihGupiy " — meypiy
(Y =piy®) — —ihd Py — mey -
] @Y mep =0 Xy
Dirac equationsfor W & Y: 4 —>
Xy ihy*(0,4) — mey =0
Add these two equations to get:

Conserved 4-current: ) — ih(aﬂ?ﬁ)’y“ Y+ ih?ﬁ’}/” (au?,b) — tho, [QZ’}/“’ ?,b}
o mw{ 70 = 7% = [ol* + [r* + [t + ¢isf* > 0

-k Ak
J = Yy Y (exactly what Dirac aimed to achieve ...)




—>

Solutions: particles @ restp = 0

— = . . y 0
Dirac equation for p = 0 is simple: Zh’}/ 80’1,0 — mC’l,D =0

Solve by splitting 4-component in two 2-components: y = (WAJ
Ye

with 3,5(1/c)3, follows: ((1) _(1)) ( g%g ) __me ( zg)

solutions:

imc

YW oc e~ n




Solutions: moving particles p % 0

Dirac equation for p + 0 less simple: ih’y"@,,zb — mcw =0

Anticipate plane-waves: zp — u(p)e n(Et—P T) u(p)e—%pfc

u
And again anticipate two 2-components: U(p) = (UAE E;j
B

Plugging this in gives: 0 = (y*p, —mc)u(p) = (’yopb —v*p, — mc) u(p)

B E/c—mc —p - & u4(p)
B ( p-o —E/c—mc)(uﬁ(p))
_ ( (E/c—mc)ua(p) — P Gup(p) )

7 dua(p) — (E/c+ me)ug(p)

C — —

= { ua(p) = Fm=-0)us(p)

C

up(p) = Fr=z=(P- F)ua(p)




Solutions: moving particles p % 0

Solutions: pick u,(p) & calculate ug(p): U B(p ST B +inc2 (ﬁ X )’LLA (p)

w=()= 1\ w=0Q)= [ o

€. - 0 . 1
1 —ig. 2 _ i
w( ) ox e7RPT ﬁ% @b( ) ox eTRPE C(pm—zng)
E>0 | de=tiny Ei’?_ )
E_l_mcz E+m62

In limitp — 0 you retrieve the E>0 solutions, hence these are p + 0 electron solutions

Similarly: pick ug(p) & calculate u,(p): u A(p) — E_fmz (ﬁ - 0 )UB (p)

Up = ((1)) — ( cpz \ Up = ((1)) - ( c(pz—ipy) \

e+ F—mc? E—mc?
; c(pz+ipy) ; —cp,
w(g) X e rPT F—mc? q’b(‘i) X € RPZT FE—mc?

1 0

E<0 o0 S

In limitp — 0 you retrieve the E<0 solutions, hence these are p + 0 positron solutions







o* = (9,,—V)

Dirac equation

-_ .0

E=1 =

From: E?=p*+m? & classical = QM ‘transcription’: { _ 6%,
p=—i

7, -
We found: lad) = —ia-Vo+ pmo = a-pd + pm¢

With B, a,, a, & o, (4x4) matrices, satisfying: E 2 7 1_7)2 + mz

|(O_j ' ﬁJV Bmc)zl — (@ipi + 5777/0) (Oéjpj + ﬁmc)
32m2c? > B2=1
/ + Z [04 pz @zﬁ + Bag)ps mc} —> q;?=1

1>7

10 0 0 00 0 1 0 0 0 —i 0 0 1 0
o1 o0 o [0 0 1 0 {0 0 i o [0 o 0o -1
ﬁ_<00—1 0> “1_<0100> 2=\ —i 0o o] * (1 0 0 0

00 0 -1 1.0 0 0 i 0 0 0 0 -1 0 0

/ af+Po=0

T Z (i + a0i)pip;] —> i o a+a;a;=0

)



Co-variant form: Dirac y-matrices

0 S,
Dirac’s original form does not look covariant: ia o =—io-Vd+ pmo
Multiplying on the left with 8 and collecting all the derivatives gives covariant form:
mo = lﬁa(b +ipa-Vé =iy"dyd note:9, = (8, +7)

With Dirac »matrices defined as: y° = = ((1) 0 ) Yk = Bak = ( 0 Gk)

—1 —O0y 0

10 0 0 0 0 0 1 0 0 0 —i 0 0 1 0
o001 o o)\.1._. {0 o 10} .2 [ o0 o i o)l.s [0 0 0 -1
14 _<0 0 -1 0)” _<0 1 0 0>” = i 0 o]7Y _<—1 0 0 0)
00 0 -1 1 0 0 0 i 0 0 0 0 1 0 0

From the properties of 5, a,, o, & a; follows: 'y“’y Y+ ’Yy'Y‘u — QQ‘W

0y2 07 — 0
=11 it A
g”“))z = -1 Y= —oF r vy



Dirac particle solutions: spinors

, u
Ansatz solution: \y = [u

a(p)
s(P) ¢

~lpX ——> Dijrac eqgn.: 1

b-0

- ua(p) = g——up(p)
| u®) = ()

P = 0 solutions:

0. ‘e Y

us =\,

AR (0

T ad I I ol
0 \ 0

spin % electrons

p = 0 solutions:
O

v 1
0
CPz

E+me?

c(pzs+ipy)
E+me?

e kP

E>0

P x

e kPT

0
1

6(pm—ipg)
F+me

—CEz
E+me?

.2
w(s) X e+%t

0
ime® (0\

0
\ 1)

C('P:l: _ipy)
F—mc?




Dirac equatlgn

more oK NI partlcles-*“
norm ‘ ‘ \ sgtion

4-vector current
antl/partlcles




sorry for the c’s

One more look at p-G

U — £ ) - O )U
The conditions: A(p) B E —;’”*02 (21 Z) B(p)
up(p) = oz (D F)ua(p)
c? )
Imply:  us(p) = 25— 1P 0) ua(p)
9
C — =\ 2
= 1= Ez—mzc‘l(p.a) = p*c®* = E* —m*c*

i.e. energy-momentum
relation, as expected

Check this: |
g - () (" 3) (] 2)

= ( (P izipy) (px_—pi'py) ) = (- F)? = (Pﬁ + (P2 —'i-z-??)(m +ip,) ) _ 2



Normalisation of the Dirac spinors

Just calculate it!: (1
Spinors 1 & 2, E>0: o B o kP ﬁgz—g
T el
= 1+ &»J&zﬁz
L+ 7 i~ s — N VB[ e
To normalize @ 2E particles/unit volume
Spinors 3 & 4, E<O: yoR—
Wiy = 1+ picf}ﬁicij)gicz Y@ o e P %—Fﬂ
2 2.4
14 55_‘,,%232 \ 0
= LS = g = e N = B me

To normalize @ 2E particles/unit volume
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