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QUANTUM MECHANICS

MODERN PHYSICS * XXlLiii * Wave Mechanics and Atomic Theory [472]

The De Broglie Wavelength

UNIT I
Quantum
Mechanics

A = wavelength

It = Plancks constant (6.63 X 1041+ 5)
p = momentum

m = mass

v o= speed

De Broglie s extension of the concept of particle-wave duality from photons to include all forms
of matter allowed the interpretation of electrons in the Bohr model as standing electron waves.
De Broglie s work marked the start of the development of wave mechanics.
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WAVE FUNCTION ()

v" In case of electromagnetic waves, the electric and magnetic fields
vary periodically, whereas Iin sound waves, pressure varies
periodically.

v Similarly, in water waves the height of water surface varies
periodically.

v Now, one can ask what varies in matter waves.

v In matter waves, a quantity called wave function, denoted by v,
varies.

v Schrodinger described the amplitude of matter waves in terms of
wave function y. Wave function vy (X, y, z) Is a complex quantity,
which gives the idea of the probability of finding the particle (to
which it is concerned) in a particular region of space.
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PHYSICAL SIGNIFICANCE OF WAVE FUNCTION (y)

In the beginning,it wasconsideredhatthe wavefunction is
merelyanauxiliary mathematicafjuantityemployedto facilitate
computationselativeto theexperimentafresults

Very soon,it wasrealisedthat it is not reasonablebecausdhe
Introduction of an isolated mathematical function without
enquiringinto its physicalsignificances not justified.

The simple effort was made by Schrddingerhimself for the
physicalinterpretatiorof Y in termsof chargedensity

The quantity 2 is the measureof chargedensity Sincey is a
complexquantity,thereforejt is usuallywrittenasy * | insteac
of P2, where * is thecomplexconjugateof (.
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PHYSICAL SIGNIFICANCE OF WAVE
FUNCTION (y)

It has beenobservedthat in some cases, is appreciably
different from zero in some finite region known as wave
packet

Now, the natural questionarises“ Wh eisg t@e particle in
relationtothewavep ac k.et ? 7

In view of the answerof this questionit has beensuggested
thaty g * =| |2 givesthe probability of finding the particle
In thestatei.e, P2 is ameasuref probabilitydensity
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CONDITION FOR NORMALIZATION OF WAVE
FUNCTION

If W is notanormalizedwavefunctionandit is the solutionof a wave
equation,then (N ) will also be the solution of the samewave
equationwhereN is a constanguantity

Now, the next problem arisesto selectthe propervalueof N, suchthat
the newwavefunctionis a normalizedfunction

For the normalizationof this new wave function, it must satisfy the
following requirement

J‘{ Ny W (N )dedvd:z = | ]
Where [N| is termed as the

normalizationconstantandN  is
known as the normalized wave

V] m — function
¥ dx oy dz

where dr = dv dy dz

Or |.-‘-'|: Jl,'!l,i.r*'u’.r-&.f\'d: |
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SCHRODINGER WAVE EQUATION

« Schrodingerworked extensivelyon wave mechanicsused
to dealwith thematterwaves

 He suggestedwo important equationsfor the motion of
matterwaves

> TIME-INDEPENDENT SCHRODINGER WAVE
EQUATION

>TIME-DEPENDENT SCHRODINGER WAVE EQUATION
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TIME-INDEPENDENT SCHRODINGER WAVE EQUATION

Let Y (X, y, z) be the wavedisplacemenfor the matterwave at
any time t. @ is the wave function, which is a finite, single
valued,andperiodicfunction The classicaldifferential equation
of awavemotionis

Or —5- T T
cx’ e oz ueoar

where v 15 the wave velocity,
The solution of Eq. (23.40) 15 given by
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TIME-INDEPENDENT SCHRODINGER WAVE EQUATION
Contd..

»Wherey, is the amplitudeof the wave at the consideregooint andis
thefunctionof positiononly [i.e., (X, Y, 2)].

» Differentiating above equationtwice with respectto t, substituting
this value in parentequationand usingthe de-Broglie hypothesiswe
get we get

_ 4mmus -
Ve - w =1
e

If E andV arethe total energyandthe potentialenergyof the particle,
respectivelythenits kinetic energyis givenas
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TIME-INDEPENDENT SCHRODINGER WAVE EQUATION
Contd..

|
— mir=F—F
.

Or nlF =2m(E - V)

Substituting this value of v 2 in above Eg. , we get

£
vig+ SEM e =0
h
) 2m
or Wiy I—Eif Fiy=10
i

This Equation is the Schrodinger time-independent

wave equation.
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| TIME-DEPENDENT SCHRODINGER WAVE EQUATION

Time-dependent Schrodinger equation may be obtained by
eliminatingE from time independenivaveequation

From the definition ofp we know that

llllrl_lll. Ir.l i & LB ¥ = ')

Differentiating the above equation with respect to t, we get

o

Fyr= ih ﬁ
'
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) TIME-DEPENDENT SCHRODINGER WAVE EQUATION

Substituting the value of & in time independent wave equatioT
we get

Vi Ei:’[mﬁ—rﬂ 0
i ol

. 2m| O
Vig=— ol ip
W | ih— I!,[-I'-‘

.ill!i 5 ) fﬂ‘]j'.l"
W ——VyW + V= ith—
| 21 v of

| 5 4 . 5 ¢
or [l: fi .-'3.11'.'}1":" + !“] W "hT]f:r
% . {'

Equationwe get is known as time independenivave equation
Sometimat is alsoexpresse@ds

Hy=E
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EIGENVALUES AND EIGENFUNCTIONS

»In an atom eigenvalues correspondto the energy values
associateavith differentorbits in theatom

»Thus, we can concludethat B o h mpdstsilate,accordingto
which the variousenergylevelsexistin an atom,is the direct
consequencef thewavemechanicatoncept

» The solutionof the wave equationfor thesedefinite valuesof
E gives the correspondingvalues of the wave function ¢,
knownaseigenfunctions
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EIGENVALUES AND EIGENFUNCTIONS

»Only those eigenfunctionshave physical significance,which
satisfycertainconditionslistedasfollows:

(1) Theymustbesinglevaluedfunctions
(i) Theyshouldbefinite.

(i) They should be continuousthroughoutthe entire space
underconsideration

(iv) In otherwords,we can saythatthey shouldbe continuous
for all possiblevaluesof coordinates(x, y, z), including
Infinity.
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Example-1 The wave function of a free particle in
normalizedstatels representedy

W(x) = Ne (/200 + ik
Calculate the normalization factor N and the maximum
probability of finding the particle

Solution
From the normalization condition, we know that

=
[ wryar =1
.
Putting the value of yand w* in the above equation, we get

J-T- ]-'\n"{__;_{-'l'j ."2“2 )= Jkx ,"\'r(?_{l-? ! 3::2 I+ 'r'b'dx -
—a0

ra = g )
or N e dy = |
1

— i
N 22 - [
Since r e g = aw
o ] 3, 2
V2 1 - e ¥ 1
— N TaNIT =
av i
. 1
0" ."‘Iill - I I
a’ g’

The maximum probability P(x) can be given as
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Example-2

Normalize the eigenfunction ¢(x) = e within the region —a < x < a.

FiN

Solution
Given that B(x) = e™
In order to normalize the wave function ¢(x), let us multiply it by &. Thus,

@x) = ke™

To find out the value of ¢, we apply normalization condition as

ra'?f’(x}'il*(x)dx =1
@(x) = ke'" and ¢*(x) = ke ™
Now, using these values in the above equation, we get

kﬁ E’ o oI e ]

or F-2a=

k__
or @

Hence, the normalized wave function can be given as

[l

e

1
O(x) = E'
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Example-3 Write the Hamiltonian operator of a free particle
moving in one direction under the influence of zero potentie
energy.

Solution
According to classical mechanics, the Hamiltonian 1s given by the sum of kinetic energy and potential
energy, i.e.,

1
H=; mu’ + PE

For zero potential energy,
1 1

H= E muy’ = E ‘r;_l_l

where p_1s the linear momentum along the X-axis.

- o ha
But for linear operator, the operator is —— . Therefore,

A
-~ 1 [anal
H - — =
2m| i dx |
Afnofra
2m| i dx || i dx
ﬁE al

 Im e
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Assignment Based on this Lecture

Describe the wave function
Give the physical interpretation of wave functien

Obtain the expression of Time independent Schrodinger
wave equation.

Obtain the expression of Time dependent Schrodinger wave
equation.




