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Transportation Problem (TP)

Distributing any commodity from any group of supply centers, called sources, to
any group of receiving centers, called destinations, in such a way as to minimize
the total distribution cost (shipping cost).

The transportation problem deals with the transportation of any product from m
origins (sources), 04, 0,..., 0,,, to n destinations, D4, D,..., D,,, with the aim of
minimizing the total distribution cost, where:

 The origin 0; has a supply of a; units, i = 1,...,mand the destination D; has a
demand for b; units to be delivered from the origins, j = 1,...,n such that

m n
Z a; = Z b; (Balanced TP)
i=1 j=1

 ¢;; Is the cost per unit distributed from the origin O; to the destination D; i =
1,2,....m, j = 1,2,...,n
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, ATRIX FORMAT OF TRANSPORTATION PROBLEM

The relevant data for any transportation problem can be
summarized in a matrix format using a tableau called

t
t

ne transportation costs tableau. The tableau displays
ne origins with their supply, the destinations with their

demand and the transportation per-unit costs.
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Destinations

D, D, D; D; D, Supply
Origins 0, C11 Ciz Ciz | Cij | Cip a;
or 0, Ca1 C22 Caz | C2j | Cop az
Sources 0, Car Cas Css | Csj | Cap as
Ol Cll sz C.i3 CI, j Cm a;
D, Cima Cim2 Cin3 Cinj Cinn Am

m n

Demand b, b, by | -« b .| by, z a; = z b,
i=1 j=1




Madan Mohan Malaviya Univ. of Technology, Gorakhpur

In mathematical terms, the above problem can be expressed as finding a set of

xii's, 1t = 1,2,...,m,j = 1,2,...,n, to meet supply and demand requirements at a
minimum distribution cost. The corresponding linear model is:

m n
minz = ZZ Cijxij
1

i=1j=
subject to
n
injSai, =12, ....m
j=1
m
inj > b], ] = 1,2, e, 1.
i=1
xij = O, [ = 1,2,...,m, ] = 1,2,...,7’l

Thus, the problem is to determine x;; , the number of units to be transported from ith

origin 0; to j** destination D; , so that supplies will be consumed and demands
satisfied at an overall minimum cost.




Madan Mohan Malaviya Univ. of Technology, Gorakhpur

) CONTD...

The first m constraints correspond to the supply limits, and they express that the supply of
commodity units available at each origin must not be exceeded. The next n constraints ensure
that the commaodity unit requirements at destinations will be satisfied. The decision variables
are defined positive, since these represent the number of commaodity units transported.

Wy

Thus the transportation problem in standard form is shown below:

m n
minz = Z z Cl'jxij (1)
i=1j=1
subject to
n
inj = a;, [ = 1,2, ] (2)
j=1
m
le-j = s ] = 1,2, e, (3)
i=1
m n
Yai= )b 4)
=1 j=1

xi; = 0, i =1,2,...,m, j=12,...,n (5)
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The above information can be put in the form of a general matrix shown

below:

Sources
or
Origins

Demand

(9]

Destinations
1 2 3 I n
Cii Ci2 Cis Cy; Cin
X11 Xi12 X3 Xi; Xin
Ca; C22 C2s3 Co; Con
X217 X22 X23 X2; X2n
Cs; Cs2 Css Cs; Csn
X371 X32 X33 X3; X3n
Cir Ci2 Cisz Cy Cin
Xiz Xi2 Xi3 X Xin
Coni Com2 Coms Cny' Conn
Xomi Xom2 X m3 Xomj X
b b bs by

Supply

aj

asz
a;

am
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Thus the transportation problem is a L.P.P. of special type, where we are
required to find the values of m.n variables that minimize the objective
function z given by by (1), satisfying (m 4+ n) constraints and one restrictions
(2)-(4) and non-negative restriction of variables (5).

The restriction (4) indicate that one of m + n constraints given in (2)-(3) Is
redundant. Thus in m X n transportation problem only m + n — 1 equations
form a linearly independent set of equations. Thus B.F.S. of m X n
transportation problem will contain at most m + n — 1 positive variables
while the remaining mn — (m + n — 1) variables will be zero.

Hence number of basic variable in basic solution inm X n transportation
problem= m+n-1
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Z Example: Two bread factories, 0, and O,, make the daily bread in a city. The bread is
delivered to the three bakeries of the city: D;, D, and D5. The supplies of bread
factories, the demands of bakeries and the per unit transportation costs are
displayed in the following graph:

D, | 1500
/
2000 | O, 6
10
D> | 2000
107,

2500 O

9\3
D, | 1000

Write this problem in matrix form. Formulate this transportation
problem as L.P.P.
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ZSolution: Given Transportation problem in Matrix form

Destinations
D, D, D; Supply
Origins 0, 8x11 6x12 1%613 2000
0, 10 4 9 2500
X21 X22 X3
Demand 1500 2000 1000 4500

The two origins of the problem are shown in the left column of the tableau,
the bread factories O; and O,, and their supply are displayed in the right column.
The destinations appear at the top row of the array, bakeries D;, D5 and D3, and
their demand are at the bottom row of the array. Cells lying 1n the ¢th row and jth

column of the tableau give the per-unit distribution cost coefficient ¢;;, 1 = 1,2,
j = 1,2,3. x;; Is the number of units of bread to be distributed from the bread
factory O; to the bakery D; ,i = 1,2, j = 1,2,3.
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e define the following decision variables:

The corresponding linear model is the following:

minz = 8x11 + 6x12 + 1Ox13 + 10x21 + 4‘x22 + 9x23

subject to
X11 + X12 + X13 = 2000
X271 + X929 + X3 = 2500

X171 +x,7 = 1500
X1 + Xy, = 2000
X13 + x,3 = 1000
X11,X12,X13, X21, X22,X23 = 0

We can write the constraints in equation form, because the total supply is equal
to the total demand (Balance transportation Problem)
« No. Basic variable in Basic feasible solution=m+n—-1=2+3-1=4

« No. of non basic variable (variable with zero value) in basic feasible
solution=mn—-(m+n—-1)=6—-4=2
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‘a_.f Theorems and definitions

As we previously said, the transportation problem is just a special type of linear
programming problem. We can take advantage of its special structure to adapt
the simplex algorithm but we have some more efficient solution procedure. In
this section we state some theorems and give some definitions that permit us
derive the solution method for transportation problems.

Theorem: The necessary and sufficient condition for a transportation problem
to have a solution is that the total demand equals the total supply ie

m n
i=1 j=1

The theorem above states that, under the assumption that the total supply equals
the total demand, the transportation problem always has a feasible solution.
However, such assumption is not always held. When the total supply does not
equal the total demand, the problem has to be adapted before being solved, and
the solution will be interpreted afterwards.
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,f Balanced transportation problem:

Balanced transportation problem:
A transportation problem is said to be balanced if

m n
i=1 j=1

If the transportation problem is unbalanced, we have to convert
It into a balanced one before solving it. There are two possible
cases:
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Case 1: The demand exceeds the supply,

m n
Sa<dn
i=1 j=1

It I1s not possible to satisfy the total demand with the
existing supply. In this case, a dummy source or origin
0.,,+1 1S added to balance the model. Its corresponding
supply and unit transportation cost are the following

n m
j=1

=1
Cm+1’j — O,j — 1,2, nan n-
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1| 2] 3 | Supply

I (21413 10

2 614 20

Demand || 20 | 20 | 20

« Total supply = a; +
a, = 10 + 20 = 30.
e Total demand = b; +
b, + b; = 20 + 20 +
20 = 60.

g Example: Consider the following transportation problem in matrix format:

The demand exceeds the supply. We add the
dummy origin 3 to balance the

problem, beinga; = 60 — 30 = 30its
supply. We consider unit transportation
COStS ¢34, €3, and c33 to be zero. This leads
to the following balanced

transportation problem in matrix format:

1| 2|3 [ Supply
1 2 14| 3 10
2 6|14 20
3 010]0 30
Demand || 20 | 20 | 20
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77Case 2: The supply exceeds the demand.

m n
Sax3
i=1 j=1

Being the total supply higher than the total demand, we add a dummy destination
D,, 4 to the problem, such that its demand and unit transportation costs are following

m n
i=1 j=1

Cint1 = 0,1 =12,..n.
Example. Consider the following transportation problem in matrix format.

1| 2|3 | Supply e Total supply = a; + a, = 50 +
50 = 100.

1 3121 50 e Total demand = b; + b, + by =
20 + 20 + 20 = 60.

2 6|44 50

Demand || 20 | 20 | 20
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~ The total supply is higher than the total demand. We add a dummy destination
4, with a demand b, = 100 — 60 = 40. The unit transportation costs c;,
and c,, are considered as zero. The balanced transportation problem in matrix
format is:

1|2 ] 3| 4| Supply

1 |32 |1]0 o0
2 614140 o0

Demand || 20 | 20 | 20 | 40

Theorem: A balanced transportation problem always has a
feasible solution.
Theorem: A balanced transportation problem always has a basic
feasible solution. Such a solution consists of m + n — 1 positive
variables at most.
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Feasible solution: A feasible solution to a transportation problem is a set of non-
negative allocations (xij > ()that satisfies the row and column sum restrictions.

Basic feasible solution: A feasible solution to a transportation problem is said to
be a basic feasible solution if it contains no more thanm + n - 1 non — negative
allocations, where m is the number of rows and n is the number of columns of the
transportation problem.

Optimal solution: A feasible solution (not necessarily basic) that minimizes
(maximizes) the transportation cost (profit) is called an optimal solution.

Non -degenerate basic feasible solution: A basic feasible solutionto a (m X
n) transportation problem is said to be non — degenerate if,

1. The total number of non-negative allocations is exactlym + n- 1 at
positive level and

2. These m 4+ n - 1 allocations are in independent positions.
Degenerate basic feasible solution: A basic feasible solution in which the total

number of non-negative allocations is less than m 4+ n - 1 at positive level, is
called degenerate basic feasible solution.
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ag’ Initial Basic Feasible Solution of Transportation Method

Initial basic feasible solution can be obtained by using
any of the following three methods:

1. The Northwest Corner method
2. Minimum cost method (Method of Matrix minima)

3. Vogel’s approximation method (Unit Cost Penalty
Method)
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i? The Northwest Corner method

Step 1: Select the upper left corner cell of the transportation
matrix and allocate min(a, b;)

Step 2:

(a)Subtract this value from supply and demand of respective row
and column.

(b)If the supply is 0, then cross (strike) that row and move down to
the next cell.

(c)If the demand is O, then cross (strike) that column and move
right to the next cell.

(d)If supply and demand both are 0, then cross (strike) both row &
column and move diagonally to the next cell.

Step 3: Repeat this steps until all supply and demand values are 0.
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| EXAMPLE

Example: Find the initial basic feasible solution using
1.The Northwest Corner method

2. Method of Matrix minima

3. Vogel’s approximation method

[T =

\

Destination

D1 D2 3 DA Supply
300
ad 3 1 7 4
sSource 1
400
02 , : . .
03 8 3 3 2 >00

NJ
)
O

Demand: 250 350 400 200] 1
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,f The Northwest Corner method

" Given three sources 04,0, and 05 and four destinations D, D,, D; and D,. For the
sources 04,0, and 03, the supply is 300, 400 and 500 respectively. The
destinations D4, D5, D3 and D, have demands 250,350,400 and 200 respectively.

According to North West Corner method, (04, D) has to be the starting point i.e. the
north-west corner of the table. Each and every value in the cell is considered as the
cost per transportation. Compare the demand for column D4 and supply from the
source 04 and allocate the minimum of two to the cell (04, D) as shown in the

figure.
Destination
D1 D2 D3 D4 Supply
The demand for Column D4 is 250 )
completed so the entire 01 / il @l 42
column D4 will be cancelled. The source
supply from the 02 /2 : s | o | 400
source 04 remains 300 — 250 = 50.
03 / g | 3 3| 2| 290
Demand: =256- 3°0 400 00| 1200

|
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="Now from the remaining table i.e. excluding column D4, check the north-
west corner i.e. (04, D,) and allocate the minimum among the supply for
the respective column and the rows. The supply from 04 is 50 which is
less than the demand for D, (i.e. 350), so allocate 50 to the
cell (04,D5). Since the supply from row 04 is completed cancel the
row 04 . The demand for column D, remain 350- 50 = 300.

Destination

D1 D2 D3 D4 Supply

250 50 |
, — -
e -‘t'l"_ 7 4 0

' 400
02 3 . . 3

03 ﬂ/{ 8

Demand:  =2&5- %59- 400 200l 1200

300

Source

W

NJ
U
o
o

W
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~ From the remaining table the north-west corner cell is (0,, D5). The minimum
among the supply from source 05 (i.e 400) and demand for column D, (i.e 300)
Is 300, so allocate 300 to the cell (05, D,). The demand for the column D, is
completed so cancel the column and the remaining supply from
source 05 1s 400 — 300 = 100.

Destination

D1 D2 D3 DA Supply

BEL S0

7/ 4 0
Source -
- 100
02 5 6 5 9 1

03/8/3 3 2 ~>00

Demand: —og- =226 400 200 1200

''''''
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Now from remaining table find the north-west corner i.e. (05, D3) and
compare the 0, supply (i.e. 100) and the demand for D, (i.e. 400) and
allocate the smaller (i.e. 100) to the cell (05, D;). The supply from 0, is
completed so cancel the row 0,. The remaining demand for

column D5 remains 400 — 100 = 300.

Destination

D1 D2 D3 DA4 Sup pl\’/
0
0
500
Demand: —=55- =996 466~ 200 1200
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g Proceeding in the same way, the final values of the cells will be:

Destination

Note: In the last remaining cell the DI D2 D3 pg Supply
demand for the respective columns and 250 flso *
rows are equal which  was & _,//7[ Tf 0
cell (03,D,). In this case, the supply Wine ol 100

from  0O; and the demand 02 1 T
for D, was 200 which was allocated to / ﬂJﬁ 200
this cell. At last, nothing remained for o3/ 8y 3 [P [Jo] ™ o,
any row or column. Demand: 56 356 466 266 1200

Initial basic feasible solution is given by
x11 = 250,x1, = 50,x5, = 300,x,3 = 100, x33 = 300, x5,
= 200
Min cost
= (250%x3) + (50x1) + (300%x6) + (100x5) + (300
X 3) + (200 x 2) = 4400




Madan Mohan Malaviya Univ. of Technology, Gorakhpur

Inimum cost method (Method of Matrix minima)

Step 1:

Select the cell having minimum unit cost ¢;; and allocate as much as
possible, i.e. min(a;, b;).

Step 2:

(@) Subtract this min value from supply a; and demand b; .

(b) If the supply a; is O, then cross (strike) that row and If the demand b; Is
0 then cross (strike) that column.

(c) If min unit cost cell is not unigue, then select the cell where maximum
allocation can be possible.

Step3:

Repeat this steps for all uncrossed (unstriked) rows and columns until all
supply and demand values are 0.
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,f 2. Method of Matrix minima

Accordlng to the Least Cost Cell method, the least cost among all the cells
In the table has to be found which is 1 (i.e. cell (O1, D2)). Now check the
supply from the row O1 and demand for column D2 and allocate the
smaller value to the cell. The smaller value is 300 so allocate this to the
cell. The supply from O1 is completed so cancel this row and the
remaining demand for the column D2 is 350 — 300 = 50.

Destination
D1 D2 D3 DA Su PP | ')

300 .—""——’
01 366 0
2 1 7 4 )

Source

400

Q21 2 6 s | o
03 8 3 3 2 500
Demand: 250 '_3'59' 400 2001 1200
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Now find the cell with the least cost among the remaining cells. There are two cells
with the least cost i.e. (05, D) and (03, D4) with cost 2. Lets select (05, D).

Now find the demand and supply for the respective cell and allocate the minimum
among them to the cell and cancel the row or column whose supply or demand
becomes 0 after allocation.

Wy

BN
\

Destination

DI D2 D3 p4 upply

03/ 8 3 3 2 | =00

Demand: =388 =98 400 00| 1200
; 50
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Now the cell with the least cost is (03, D4) with cost 2. Allocate this cell
with 200 as the demand is smaller than the supply. So the column gets
cancelled.

Destination
D1 D? D3 D4 SUpply

366 0
Source
=486~ 15()
566 300
Demand: 1200

50 0
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There are two cells among the unallocated cells that have the least cost.
Choose any at random say (03, D-). Allocate this cell with a minimum
among the supply from the respective row and the demand of the respective
column. Cancel the row or column with zero value.

Destination

D1 D2 D3 D4 Su pp I Yy

0 AL 366 .
Ol 7 4 v

Source
250
02 5 /5 . A —466- 150
50 [200
03/ 3 /3 3 / 2 588—1‘%—;‘—251)

Demand: —288 =59 400 26| 1200
A
0
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Now the cell with the least cost is (03, D3). Allocate the minimum of supply
and demand and cancel the row or column with zero value.

Destination
D1 D2

01

source

02|

Demand:
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~ The only remaining cell is (0O, D3) with cost 5 and its supply is 150 and
demand is 150 i.e. demand and supply both are equal. Allocate it to this cell.

Destination

D1 D2 D3 D4 Supply

300
01 #7 366~
7 4
250 150
| % g - .'.
OZ 2 6 9 AV ‘”I

Source

5o I2s 200
03 ~ =V y 588—%%+g;§;p
Demand: —25&- _?58 0" —=ee 200

U

Initial basic feasible solution is given by

x1, = 300, x5, = 250, x,3 = 150, x3, = 50, x33 = 250, x5, = 200. Hence
min cost = (300 X 1)+ (250 x 2)+ (150 x 5)+ (50 X 3)+ (250 x 3)+
(200 x 2)=2850
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¢V ogel’s approximation method (Unit Cost Penalty Method)

This method is preferred over the method, because the initial basic feasible
solution obtained by this method is either optimal solution or very nearer to the
optimal solution.

Step 1: Find the cells having smallest and next to smallest cost in each row and
write the difference (called penalty) along the side of the table in row penalty.

Step 2:Find the cells having smallest and next to smallest cost in each column
and write the difference (called penalty) along the side of the table in each
column penalty.

Step 3: Select the row or column with the maximum penalty and find cell that
has least cost in selected row or column. Allocate as much as possible in this cell.
If there is a tie in the values of penalties then select the cell where maximum
allocation can be possible

Step 4: Adjust the supply & demand and cross out (strike out) the satisfied row
or column.

Step 5: Repeat this steps until all supply and demand values are O.




PPN
A
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For each row find the least value and then the second least value and
take the absolute difference of these two least values and write it in the
corresponding row difference as shown in the image below. In
row 04, 1 is the least value and 3 is the second least value and their
absolute difference is 2. Similarly, for row 0, and O3 , the absolute
differences are 3 and 1 respectively.

For each column find the least value and then the second least value
and take the absolute difference of these two least values then write it
In the corresponding column difference as shown in the figure. In
column D4, 2 is the least value and 3 is the second least value and their
absolute difference is 1. Similarly, for column D,, D3 and D4, the
absolute differences are 2, 2 and 2 respectively.
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Destination
D1 D2 D3 DA Supply Row Difference
300
. 3 1 Y 4 4 Z
Source
: 400 3
0 2 6 5 9
03 8 3 3 2 | =00 1
Demand: 250 350 400 00| 1200
Column
Difference: 1 2 2 2
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These value of row difference and column difference are also called as
penalty. Now select the maximum penalty. The maximum penalty
Is 3 i.e. row O2. Now find the cell with the least cost in row O2 and
allocate the minimum among the supply of the respective row and the
demand of the respective column. Demand is smaller than the supply so
allocate the column’s demand i.e. 250 to the cell. Then cancel the

column D1
Destination
D1 D2 D3 DA Supply Row Difference
300
01 2/' " 5 i 2
Source :
250 .-‘A\)
200150 .3:
AR O
03/ 8 3 3 2 | °00 1
Demand: =58 350 400 200| 1200
0
Column
Difference; 1 2 2 .
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From the remaining cells, find out the row difference and column difference.

Destination

D1 D2 D3 DA Supply Row Difference
300
_ o 1| 7| a4 < |3
Source — 1
0?2 2 6 - 3 *00-150 1
o3lf 8 3 ‘ 3 2 | 290 1|1
Demand: =258 350 400 200‘ 1200
0
Column
Difference; 1 2 2 2
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Again select the maximum penalty which is 3 corresponding to row O1. The
least-cost cell in row O1 is (O1, D2) with cost 1. Allocate the minimum among
supply and demand from the respective row and column to the cell. Cancel the
row or column with zero value.

Destination
D1 D2 D3 D4 Supply Row Difference
300 ,-—-*"’" ol
O’l —'-'____.-'_-_.—ﬂ'"' —3'86' U 2 @
_ 1 7 Vil
Source 550 (:—3\.)
| 001 5(
02 2 6 5 9 150 /1A
03 / 8 3 3 2. | 99 1|1
Demand: —a  ==6— 400 2001 1200
0 50
Column
Difference: 1 & 2 2
= 2 2 2
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~ Now find the row difference and column difference from the remaining cells.

Destination
DI D2 D3 D4 Supply Row Difference
300
OK,JL#r’TLj‘aH“ 2 (3) -
Source o @
032 , : 2 ] =*00"150 111
03/ g| 3] 3| 2] 2% 11111
Demand: S ==6— 400 2001 1200
0 50
Column
Difference: 1 2 2 2
- 2 2 2
- 3 2 7
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“Now select the maximum penalty which is 7 corresponding to column D4,
The least cost cell in column D4 is (O3, D4) with cost 2. The demand is
smaller than the supply for cell (O3, D4). Allocate 200 to the cell and cancel

the column.

Destination
D1 D2 D3 D4

300 )
LT~ | |a)-
Source St

0?2 /9 =#00"150 @ 1 1

Supply Row Difference

2 6 5

200
OB/ 8 3 3 / ~— =596 300 1 11]1
256~ —=°9— 400 2864 1200

Demand: £
0 50 v
Column
Difference: 1 2 2 2
- 2 2 2
P
- 3 2 7P,
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Find the row difference and the column difference from the remaining
cells.

Destination
D1 D2 D3 D4

300
- ______‘1_,#;"7 = icalll 2 @, |
Source b
02 /9 007150 @ 1 1 1

200
03/ 8 3 3 / — =95 300 11111 0
—_— —=+=6— 400 =564 1200

Supply Row Difference

Demand:

0 50 0
Column
Difference; 1 2 2 2
- 2 2 2
- 3 2 {7)
= 3 2 ®
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Now the maximum penalty is 3 corresponding to the column D2. The cell with

the least value in D2 is (O3, D2). Allocate the minimum of supply and demand
and cancel the column.

Destination

D1 D2 D3 D4 Supply Row Difference

300
01 ___.;-—-7' =56 ) 2 @ )
Source i <::>
0?2 5 5 5 2007150 1 1 1

50 200
03/ 8 3 3 / | =8%%3ge: | 1 |9 |1 |0
250

Demand: =58 =228— 400 2864 1200

0 =60 0
Column 2
Difference: 1 2 2

= 2 2 2
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Now there is only one column so select the cell with the least cost and
allocate the value.

Destination

D1 D2 D3 D4 Supply Row Difference
300 :
01 sl =266~ 0 2
7 4 - -
Source — @
02 2 5 5 #00"150 1 1 1

50 250 200
034 3 S9%38e- | 1 |1 11 |0

Demand: 256 —3'5'9—1&66- =584 1200

~ 1

D

Column
Difference; 1
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“ Now there is only one cell so allocate the remaining demand or supply
to the cell

Destination

D1 D2 D3 D4 Supply Row Difference

300
01 el =686~ 0 2 @

7 Vil = =

Source S 150
- aal ¢
s (O
02 5 f #0035l 1 1 1
50 250 200

OBQ_, S66S66- I ENE

—_— 0
Demand: =258~ =—=56— 466~ 2064 1200 O
0 () == U
Column
Difference: 1 2
- 2
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Initial basic feasible solution is given by

® X2 = 300, Xo1 = 250, Xo3 = 150, X339 = 50, X33 = 250, X34 = 200.
Hence min cost = (300 X 1)+ (250 X 2)+ (150 x 5)+ (50 x 3)+
(250 x 3)+ (200 x 2)=2850
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¢/Procedure for Optimality Test (MODI Method — UV Method)

There are two phases to solve the transportation problem. In the first phase, the initial basic
feasible solution has to be found and the second phase involves optimization of the initial
basic feasible solution that was obtained in the first phase.

Step 1: Find an initial basic feasible solution using any one of the three methods NWCM,
LCM or VAM.

Step 2: Find u; and v; for rows and columns. To start

a) Assign 0 to u; or v; where maximum number of allocation in a row or column
respectively.

b) Calculate other u;'s and v;'s using ¢;; = u; + v; , for all occupied cells.
Step 3: For all unoccupied cells, calculate d;; = ¢;; — (u; + v;), .
Step 4: Check the sign of d;;

a) Ifd;; =0, then current basic feasible solution is optimal and stop this procedure. In case
some d;; = 0 then alternative solution exists, with different set allocation and same
transportation cost. Now stop this procedure.

b) If one or more dij < 0, then the given solution is not an optimal solution and further
improvement in the solution is possible.
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J ;_tep 5: Select the unoccupied cell with the largest negative value of d;;, and
“included in the next solution.

Step 6: Draw a closed path (or loop) from the unoccupied cell (selected in the
previous step). The right angle turn in this path is allowed only at occupied

cells and at the original unoccupied cell. Mark (+) and (-) sign alternatively at
each corner, starting from the original unoccupied cell.

Step 7:

a) Select the minimum value from cells marked with (-) sign of the closed
path.

b) Assign this value to selected unoccupied cell (So unoccupied cell becomes
occupied cell).

c) Add this value to the other occupied cells marked with (+) sign.
d) Subtract this value to the other occupied cells marked with (-) sign.
Step 8:Repeat Step-2 to step-7 until optimal solution is obtained. This

procedure stops when all d;; = 0 for unoccupied cells.
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Example:
Find Solution using North west corner method, also find optimal solution
using mc Destination
D1 D2 D3 D4 Supply(Si)
250
01 o
3 1 7 -+
Source 02 - 350
2 6 5 - -
03 8 3 3 2 | 100
Solution: Demand(D;): 200 300 350 150
Here

Total Demand = Total Supply = 1000
Hence problem is balance and can be proceed for initial basic
feasible solution.
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g Using North west corner initial basic feasible solution is given by

Destination

D1 D2 D3 D4 Supply(Si)

01 e
- ()
Som'ceB‘ —_—
0
03 4 150 0
Demand(Dj): h() 1000

Total transportation cost = (200 X 3) + (50 X 1) + (250 X 6) +
(100 X 5) + (250 x 3) + (150 x 2) = 3700.




.-r*f%z
‘a_.f U-V method to optimize the initial basic feasible solution
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Now we use following formula to find w; and v,
w; + v; = C;where Cy; Is the cost value only for the allocated cell.

Before applying the above formula we need to check whetherm + n- 11s
equal to the total number of allocated cells or not where m is the total
number of rows and n is the total number of columns.

Inthiscase m = 3, n = 4 and total number of allocated cellsis6 som +
n-1 = 6. The case whenm + n - 1 is not equal to the total number of
allocated cells will be discussed in the later slides(degenerate case).

Now to find the value for u and v we assign any of the three u or any of the
four v as 0. Let we assign u; = 0 iIn this case. Then using the above formula
we will get v, = 3asu, + v, = 3(ie. Cy) and v, = lasu, + v, =
1 (i.e. C,). Similarly, we have got the value for v, = 3 so we get the value
for u, = 5 which implies v; = 0. From the value of v; = 0we get u; =
3 which impliesv, = —1.
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CONTD. o0 Vli@ V2= 1 V3=O V4= -1
200 50
ui=(Q o
3 1 / 1
% 250 100
uz= 5§ 2 6 5 9
250
u3s=3 8 3 3 1502

Now, compute penalties using the formula d;; = ¢;; — (u; + v;)only for
unallocated cells. We have two unallocated cells in the first row, two in the
second row and two in the third row. Lets compute this one by one.
l.ForC;,dys =7—(0 + 0) =7 (hereC; = 7,u; = 0Oandv; = 0)
1.ForC,dy, =4—(0 + (—1)) =5

2ForC,,dyy =2—(05 + 3) =-6

3ForC,,d,, =9—-(5 + (-1)) =5

4.ForCy,dy; =8—(3 + 3) = 2

5ForC;,,d;, =3 -3 + 1) =-1
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==fow most negative value is given by —6 for €,;. Now this cell becomes
new basic cell.

The rule for drawing closed-path or loop. Starting from the new basic cell
draw a closed-path in such a way that the right angle turn is done only at the
allocated cell or at the new basic cell. See the below images:

e T SR B Vi3 V=1 V=0 -l

200] | s0
ui=
AR IEIE. 4

ui=(

6
250
u3=3 9 3 3 1502 uz2-= 5
250 150
w=3 | 8| 3 [ 3 |—
Right angle turn is not s 2

permitted in unallocated
cell.
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“Assign alternate plus-minus sign to all the cells with right angle turn (or
the corner) in the loop with plus sign assigned at the new basic cell.

Vi=g3 V2=1 V3=Q0 v4=-1
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Consider the cells with a negative sign. Compare the allocated value (i.e. 200
and 250 in this case) and select the minimum (i.e. select 200 in this case). Now
subtract 200 from the cells with a minus sign and add 200 to the cells with a
plus sign. And draw a new iteration. The work of the loop is over and the new
solution looks as shown below.
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Check the total number of allocated cells is equal to (m + n - 1). Again find
u values and v values using the formulaw; + v; = C;; where C;; Is the cost
value only for allocated cell. Assignu,; = 0then we get v, = 1. Similarly, we
will get following values for w; and v;.

m"\

vi=-3 wv2=1 wv3i=0 ws=-1

Find the penalties for all the unallocated 250

cells using the formula d;; = Cj; — (u; + ut=0

v;) 3 1 / 4
LFor Cyy,dyy =3—(0 + (=3)) =6 200] | 100
2ForCy5,dis =7—(0 4+ 0) =7 u2=5 _
3ForC,dy, =4—(0 + (-1)) = 5 2] 6| 2 7
4ForC,,d,, =9—-(G5 + (-1))=5 250] | 150
5.ForC3,d3; =8—=(0 + (=3)) =11 w=| 8 3 : :
6.For Cspdyy =3 —(1+ 3)=—1 .
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There is one negative value i.e. —1 for C5,. Now this cell becomes new
basic cell.

v1-3 v2=1l wv3=0 wvi=-1

ui=0

9
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Now draw a loop starting from the new basic cell. Assign alternate plus and
minus sign with new basic cell assigned as a plus sign.

vi=-3 v2=1 wv3=0 wvi=-1
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Select the minimum value from allocated values to the cell with a minus sign.
Subtract this value from the cell with a minus sign and add to the cell with a
plus sign. Now the solution looks as shown in the image below:




Madan Mohan Malaviya Univ. of Technology, Gorakhpur

’CONTD".

Check if the total number of allocated cells is equal to (m + n - 1).Find
u and v values as above.

vi=-2 v2=1 wv3i=1 wva=0

250
ui=0
3 1 7 4
200 150
uz=4
2 6 5 9
50 200
us=2 8 3 2 150ﬂ
3 2

Now again find the penalties for the unallocated cells as above.
l.Ford,; =3—-(0+(-2)) =

2Ford; =7—(0+ 1) =

3.Ford,=4—-(0 + 0) = 4

4Ford,,=6—-—(4 +1) =1

5Ford,,=9—-(4 + 0) = 5

6.Ford;; =8—(2 + (=2)) =




ety
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All the penalty values are +ve values. So the optimality is reached.

Hence optimal solution is given by Type equation here.
X192 = 250, X211 = 200, X3 = 150, X392 = 50, X33 = 200, X34 = 150

Now, find the total cost = (250 x 1) + (200 x 2) + (150 x5) +
(50 x 3) + (200 x 3) + (150 x 2) = 2450




Example Solve following transportation problem

Destination Supply
& D, D, Ds D,
o 0, 7 6 6 6 80
0, 5 7 6 7 100
0, 8 5 8 6 50
Demand 50 40 60 40
Solution:

Total supply = z a; =230

Total demand = 2 b; =190
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Since Total supply # Total demand. Hence given problem is unbalanced.

Now we have to convert this problem into balanced transportation problem.

Since Total supply — Total Demand = 40. Hence for converting it into
balance transportation problem we have to use dummy destination D in the
transportation table with demand 40 and transportation cost zero. t. Thus, the
problem becomes balanced, i.e., the total capacity and total requirement are

equal. The balanced problem is as follows:

Destination Sup
5 D, D, D; Dy | Ds ply
o 04 7 6 6 6 0 80
0, 5 7 6 7 0 100
O3 8 5 8 6 0 50
Demand 50 40 60 40 40
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Here m + n — 1 = 7. Number of occupied cell = 7 which is equal to
m + n — 1. Hence initial solution is nondegenerate and we can
proceed for Modi Method for Optimality Test .

16-10-2020
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diy=7—(0+5) =2
di,=6—(0+5) =1
dy, =7 —(0+5) =2
dyy =7 —(0+6) =1
dye =0—(0+0)=0
diy =8—(0+5) =3
dszs =8—(0+6) =2
ds: =0—(0+0) =0

Since all the d;; > 0. Hence this solution is optimal solution.

x13 = 10,x14 = 30,x57 = 50,x,3 = 50,x3, = 40,x3, = 10
Hence mincost =10 X6+ 30X 6+ 50X 54+ 50X 6440 X
54+10Xx 6 =1050
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ASSIGNMENT PROBLEM

Special Cases of Linear Programming Problen
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Assignment Problem (AP)

'I-:“""" Lty 2. r"‘l

 In many business situations, management needs to
assign personnel to jobs, jobs to machines,
machines to job locations, or salespersons to
territories.

« An assignment problem may be considered as a
special type of transportation problem in which the
number of sources and destinations are equal. The
capacity of each source as well as the requirement
of each destination is taken as 1.

« Consider the situation of assigning n jobs to n
machines.
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e When ajobi(=1,2,...,n)isassigned to
machine j (= 1,2, ... ..n) that incurs a
cost Cl]

* The objective Is to assign the jobs to
machines at the least possible total cost.

* Here, jobs represent “sources” and
machines represent “destinations.”

* The supply available at each source is 1
unit and demand at each destination is 1
unit.
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* Network Representation

WORKERS JOBS
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Jobs
Workers 1 2 3 Demand
1 C11 C1z Ci3 1
2 C21 C22 C23 1
3 C31 C32 C33 1
Requirement 1 1 1
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JOB
Person J1 J2 Jn supply
P1 C11 Ci2 Cin 1
PZ C21 Cy Con 1
P, Caz Can 1
Cna
Demand 1 1 1

The assignment model can be expressed mathematically as follows:

Let x;; be assignment of Person P; to Job J; such that

v = 1, 1ifthe iz, person to be assigned with ji, job
70, Otherwise
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ATHEMATICAL FORMULATION

There are n persons and n jobs. The problem is to
assign each person for one and only one job and each
jobs requires only one person. The cost of assigning
person P; to Job J; Is C;;. The supply available to each
person IS one Ie only one person should be assigned
with one job. Demand of person for each job Is one ie
only one job to be assigned for one person.
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Linear Programming Formulation is given by

m n
Min z = ZECUXU

i=1j=1
’EI X = 1 10r 1 = 1; 2, .5 < 7,
J=1
ix,jZI IO ] = 1, 2o 0y
i=1
g =0, for all 7 and j
(x;; binary, for all 7 and ;).

Note: A modification to the right-hand side of the first constraint set can
be made if a worker is permitted to work more than 1 job.
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OTAL NUMBER OF ASSIGNMENT

Job
Person J4 > Ja
Pl C11 C12 Ci3
PZ C21 Ca2 Cy3
P3 C31 C3 C33
P _)] PZ —>]2,P3 —>]3, Total COSt=C11+C22+C33
1 1 PZ —>]3,P3_>]2; Total COSt=C11+C23+C3‘ZI
P _)] PZ —>]1,P3 —>]3, Totalcost=C12+C21+C33
1 2 Py, - J;3,P3 =], Total cost = C4, + C,3 + C34
P _)] PZ —)]1,P3_)]2; Totalcost=C13+C21+C32
1 3 PZ —)]2,P3_)]1; Totalcost=C13+C22+C31
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&ATOTAL NUMBER OF ASSIGNMENT

P; — 3 option for job

P, — 2 option for job
P; — 1 option for job
Total Option =3 %x2 X1 =6 = 3!
Hence total no. of assignment = 3!

Hence an assignment problem with n persons and n jobs Is
represented by square matrix of order n, then possible way of
making assignment is n!. If we enumerate all these n! alternatives
and evaluate the assignment cost of each one of them and select
the assignment with minimum cost. The problem would be solved
but this method is very slow and time consuming for small values
of n and hence It is not suitable at all. However a much and more
efficient method of solving such problem is available . This
method Is known as Hungarian method for solving assignment

problem.
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A= 'm;,%
.'?"(r : 1:

‘a ungarian Method for Solving Assignment Problem

« The Hungarian method solves minimization assignment
problems with n workers and m jobs.

« Special considerations can include:

Number of workers does not equal the number of jobs —
add dummy workers/jobs with 0 assignment costs as
needed

» worker i*" cannot do job j** assignc, = +M

Maximization Assignment Problem — Convert into
minimization problem by subtracting all the values in the
cost matrix from the largest value in the matrix before
beginning the Hungarian method
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#7Hungarian Method for Solving Assignment Problem
Step 1: ldentify the smallest element in each row of the given
cost matrix and subtract it from each element of that row.

Step 2: In the reduced matrix obtained from step 1, Identify the
smallest element in each column and then subtract it from each
element of that column. Now each row and column have at least
one zero element.

Step 3: The procedure of making assignment as follows
(a) First round for making assignment

4 Identify the rows successively from top to bottom until a row
with exactly one zero element is found. Make an assignment
to this single zero by making square ([]) around it, then cross
off (x) all other zeros in corresponding column.

O Apply similar procedure to the columns from left to right.




Madan Mohan Malaviya Univ. of Technology, Gorakhpur

(b) Second round for making assignment

d1f a row and/or column has two or more unmarked
zeros one can by chosen by inspection, then choose
zero element arbitrary for the assignment.

(c) Repeat step (a) and (b) successively until all the
zero In the cost matrix are either marked with square
(C1) or crossed off and following situation arise




Madan Mohan Malaviya Univ. of Technology, Gorakhpur

Step 4.

(a) If there is exactly one assignment ([7)) to each row and
each column, then it is optimal . The total cost associated
with solution is obtained by adding the original cost in the
assigned cells ()

(b) If a zero element in a row or column are chosen arbitrary
for assignment in step 3(b) and condition 4(a) achieved ,
there exist an alternative solution.

(c) If there Is no assignment in a row or column ie total no. of
assignment are less than the number of rows /columns in
square cost matrix, then this solution is not optimal. Now we

proceed to step (5)
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Step 5: Revise the cost matrix:

Draw a set of horizontal and vertical lines to cover all the zeros in revised
cost matrix from step 3, by using following procedure.

(a) For each row in which no assighment made, mark a tick (v)

(b) Examine the marked rows. If any zero element is present in these
rows , mark a tick (v') to respective columns containing zeros.

(c) Examine marked columns. If any assigned zero element is present in
these columns, tick (v') the respective rows containing assigned
Zeros

(d) Repeat this process until no more rows or columns can be marked.

(e) Draw a straight line through each marked column and each unmarked
row. If no. of lines drawn is equal to number of rows (columns) then
current solution is optimal otherwise go to step 6.
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J)
7Hungarian Method for Solving Assignment Problem

Step 6: Determine the smallest element of uncovered number
(call it d) after drawing the lines as given in step 5.

 Subtract d from each uncovered numbers.

Add d to numbers covered by two lines.

Numbers covered by one line remain the same.

This process gives modified cost matrix with more zeros.
Then, GO TO STEP 3.
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Example 1:

Iachine
1 2 ]
1 4 7 9 1
Job | 2 14 10 12 1
E 15 13 16 1

1 1 1

How should the contractors be assigned to minimize total
COosts?




Madan Mohan Malaviya Univ. of Technology, Gorakhpur

Iachine
l 2 3
I 5 ] 4
Iob | 2 14 10 12
3 15 13 16
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¢/ Solution:
« Step 1: For each row, subtract the minimum number in that
row from all numbers in that row.

« Step 2: For each column, subtract the minimum number in
that column from all numbers in that column.

Ilachine
1 o 4
1 5 7 4
Tob |2 14 10 12
g 15 13 16
Ifachine
1 2 E
1 0 2 4
Job | 2 4 0 2
= 2 0 3
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CONTD
= Step 3: Draw the minimum number of lines to cover all zeroes.
J Machine
1 2 4
1 0 2 2
2 4 )8 0
£ 2 0 1

—

Since we have one assigned zero in each row and each column.
Hence this table gives optimal solution. Now Assignments are
made at assigned zero values. Therefore, we assign job 1 to
machine 1; job 2 to machine 3, and job 3 to machine 2.

Total costis5+ 12 + 13 = 30.

It is not always possible to obtain a feasible assignment as
here.
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Example: Four Machines are to assigned to four different
Jobs. The cost (in rupees) of producing i;;, machine on the j;,
job is given below

Jobs
J1 J2 J3 Ja
£ M, 14 5 8 7
S
s M, 2 12 6 5
M; 7 8 3 9
M, 2 4 6 10

Determine how Machines should be assigned to jobs to minimize
cost.
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Solution:

Step 1: For each row, subtract the minimum number in that row from all
numbers in that row.

J1 J2 J3 Ja
M; |14 7
M, 12 5
M; 7 8
M, 4 10
J1 J2 J3 Ja
M, 0 3 2
Row Reduction M, 10 4 3
M; 0 6
M, 4 8
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Solution:

Step 2: For each column, subtract the minimum number in that column
from all numbers in that column.

Ja J2 J3 Ja
M; |9 0 3 2
M, |0 10 4 3
M; |4 0 6
My, |O 4 8
J1 J2 J3 Ja
M; |9 0 3 0
M, |0 10 4 1
M; |4 0 4
Column Reduction M, |0 4 6
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Step 3: The procedure of making assignment as follows

J1 J2 J3 J4
M, 9 [0] 3 B
M, 0 10 4 1
M, 4 5 0 4
M, p: & 2 4 6

Step 4: Since each rows and columns have not assigned zero.
Hence this not optimal. Now go to step 5
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Step 5: Draw the minimum number of lines to cover all zeroes. If 4 lines are
required, then an optimal solution is available among the covered zeros in the
matrix. Otherwise, continue to Step 6.

J1 J2 J3 Ja
M; |9 0 3 B
M, [0 10 4 (1 v
M; |4 5 0 4
My, PA 2 4 6 v
v

We have 3 < 4 lines covering all the zero , so continue to Step
6




Madan Mohan Malaviya Univ. of Technology, Gorakhpur

Step 4: Step 6: Determine the smallest element of uncovered
number (call it d) after drawing the lines as given in step 5.

 Subtract d from each uncovered numbers.

Add d to numbers covered by two lines.

Numbers covered by one line remain the same.

This process gives modified cost matrix with more zeros.
Then, GO TO STEP 3.

Here 1 is the smallest element from uncovered elements. Subtract
1 from all uncovered element and add 1 to the element lying in
the intersection of the vertical and horizontal line ie  numbers
covered by two lines.
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J1 J2 J3 J4
M, |9 0 3 0
M, |0 10 4 1
My |4 5 0 4
M, |0 2 4 6
J1 J2 J3 J4
M, 10
M, 0
M; 5
M, 0
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J1 J2 J3 Ja
M, |10 0 3 o
M, |8 9 3 0
M; |5 5 0 4
M, [0 1 3 5

Since we have assigned zero in each row and column. Hence this
table will give the optimal solution and we assign, M; —

J2. M3 = J4, M3 = J3,My4 = J4.

Min Cost=5+5+4+34+2 =15
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1, 2, 3 and 4. Production cost differ from plant to plant as do sales revenue. The
revenue and cost data given below. Determine from the following data which
product should each plant produce in order to maximize the profit.

Sales Revenue (in 000 Rs.) Production Cost (in 000 Rs.)
Product Product
Plant 1 (2 |3 4 Plant 1 |2 |3 4
A |50 [68 [49 |62 A|49 |60 |45 |61
B|60 |70 |51 |74 B |55 [63 |45 |69
C|55 |67 |53 |70 C|52 |62 |49 |68
D|58 |65 |54 |69 D|55 |64 |48 |66
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Product Now we change the maximization
Plant| (1 |2 |3 4 problem In  minimization cost.
Al1 |8 |4 1 Subtracting each element of the
B|5 |7 |6 5 Profit matrix from the largest
C|3 |5 |4 2 element of 8 of the matrix . Hence

D|[3 |1 |6 3 equivalent loss matrix is given by

Product
Plant 2

OO >

nlnn|w|N|m
N[N W
nlo|lw|N|p

0
1
3
7
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Product
Plant 1 2 |3 4
A|l7 (0 |4 7
B |3 1 (2 3
C|5 3 |4 6
D |5 7 |2 5
Product

Plant 1 (2 |3 4

A7 (0 |4 7

B|2 |0 |1 2

cl|2 |0 |1 3

Row Reduction D|3 > |0 3
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Product
Plant 1 2 |3 4
A|l7 (0 |4 7
B2 |0 |1 2
c|2 |0 |1 3
D |3 5 |0 3
Product

Plant 1 |2 |3 4

A5 (0 |4 5

B|O [0 |1 0

cC|0 |0 |1 1

Column Reduction D|d > |0 1
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Product
Plant 1 (2 |3 4
A|5 (0|4 5
B | [X |1 0
C o] [ |1 1
D|1 5 0 1

In above table there Is an assignment in each row and column.

Hence optimal assignment for maximizing profit is
A->2,B->4C—->1D -4

Hence maximum profit = (8 4+ 5+ 3 + 6) X 1000 = Rs.220000
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NBALANCED ASSIGNMENT PROBLEM

Example: A company faced with problem of assigning six different
machines to five different jobs. The cost are estimated as follows (in hundred

of rupees)
Job
Machine 1 2 3 4 5
1 2.5 5 1 6 1
2 2 5 1.5 7 3
3 3 6.5 2 8 3
4 3.5 7 2 9 4.5
5 4 7 3 9 6
6 6 9 5 10 6

Solve the problem assuring that the objective is to minimise total
Cost.
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SOLUTION

Since given Assignment problem is not Balanced. So we a add dummy job 6
with 0 assignment cost to make it balanced. Thus given cost matrix become

Job
Machine 1 2 3 4 5 6
1 2.5 5 1 6 1 0
2 2 5 1.5 7 3 0
3 3 6.5 2 8 0
4 3.5 7 2 9 4.5 0
5 4 7 3 9 0
6 6 9 5 10 6 0

Subtract smallest element of each row from the each element of
that row and then In reduced matrix subtract smallest element of
each column from each element of that column.
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Job
Machine 1 3 4 5 6
1 2.5 5 1 6 1 0
2 2 5 1. 7 3 0
3 3 6.5 2 8 0
4 3.5 7 2 9 4.5 0
5 4 7 3 9 0
6 9 5 10 6 0
Job
Machine 1 2 3 4 5 6
1 2.5 5 1 6 1 0
] 2 2 5 1.5 7 3 0
3 3 6.5 2 8 0
4 3.5 7 2 9 4.5 0
5 4 7 3 9 0
Row Reduction 6 9 5 10 6 0
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Job
Machine 1 3 4 5 6
1 2.5 5 1 6 1 0
2 2 5 1. 7 3 0
3 3 6.5 2 8 0
4 3.5 7 2 9 4.5 0
5 4 7 3 9 0
6 9 5 10 6 0
Job
Machine 1 2 3 5 6
1 0.5 0 0 0 0 0
] 2 0 0 0.5 1 2 0
3 1 1.5 1 2 2 0
4 1.5 2 1 3 3.5 0
Column 5 2 2 2 3 5 0
Reduction 6 4 4 4 4 5 0
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Job
Machine 1 2 3 4 5 6
1 0.5 0 h h: X X
2 0 X 0.5 1 2 )¢
3 1 1.5 1 2 2 h:¢
4 1.5 2 1 3 3.5 0
5 2 3 5 X
6 4 4 4 4 5 ) ¢

Since there i1s no assigned zero in third, fifth and sixth column. So
this matrix will not give the optimal solution. So have to proceed
further steps.
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Job

Machine 1 2 3 4 5 |6
1 U5 0 gy gy 35N g
2 e < -5 + 2 v
3 1 1.5 1 2 2 ): G4
4 1.5 2 1 3 3.5 al |v
5 2 3 5 X |V
6 4 4 4 4 5 X |V

Here 1 is the smallest element from uncovered elementg. Subtract
1 from all uncovered element and add 1 to the element lying In
the intersection of the vertical and horizontal line 1e  numbers
covered by two lines.
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N//SOLUTION

Job
Machine 1 2 3 4 5 6
1 0.5 0 0 0 0 1
2 0 0 0.5 1 2 1
3 0 0.5 0 1 1 0
4 0.5 1 0 2 2.5 0
5 1 1 1 2 0
6 3 3 3 3 0
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Job
Machine 1 2 3 4 5 b
1 05 < B 0] T
2 PN 0 05 t 2 1
3 0 65 &< 1 1 N
4 0.5 1 0] 2 25 W
5 1 1 1 2 0] | vV
6 3 3 3 3 ): v
v
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Job

Machine 1 2 3 4 5 6
0.5 h h 0 X 2

)¢ 0.5 1 2 2

3 0 0.5 )¢ 1 1 1

4 0.5 1 0 2 2.5 1

5 W 0 X 1 3 h:

6 2 2 2 2 3 0

Since there Is no assigned zero in second column. So this
matrix will not give the optimal solution. So have to proceed
further steps.
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Job

Machine 1 2 3 4 5 6
1 4.5 D ( Lo X D
2 e 0.5 1 2 ) |V
3 q 0.5 X 1 1 1 |V
4 0.5 1 0 2 2.5 1 |y
5 s 0 p:! 1 3 W |y
6 2 2 y, 2 3 D

. v v v v
Here 1 iIs the smallest element from uncovered elements.

Subtract 1 from all uncovered element and add 1 to the
element lying in the intersection of the vertical and horizontal
line ie numbers covered by two lines.
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#) FINAL SOLUTION MATRIX

Glving zero assignment in the usual manner we get the optimal
assignment given by the following table

Job

Machine 1 2 3 4 5 6
1 1.5 1 0 6 2
2 0 P Q 0.5 2 |1 2
3 [ 0.5 N <. |0 1
4 0.5 1 0 1 1.5 1
5 |8 0 ) & |2 ) S
6 2 2 2 1 2 0
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OLUTION
Job
1 2 3 4 5 |6
1 1.5 1 0 - & 2
2 0 0.5 4L 1 2
Machine 3 > Q 0.5 S 0 1
4 0.5 1 0 1 1.5 1
5 |0 e 8- L o
6 2 2 2 1 2 0
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Job

Machine 1 2 3 4 5 6
1 1.5 1 1 B 0 2
2 0 o< 0.5 ): & 1 2
3 B 0.5 ): Q 0 p: & 1
4 0.5 1 0 1 1.5 1
S 0 8L 2|2 ) S
6 2 2 2 1 2 0
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Job

Machine 1 2 3 4 5 6
1 1.5 1 %8 0 2
2 M 0 0.5 P8 1 2
3 0 0.5 >Q B P 1
4 0.5 1 0 1 1.5 1
5 el . 8 & 0 2 oS
6 2 2 2 1 2 0
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Job

Machine 1 2 3 4 5 6
1 1.5 1 8 0 2
2 M 0 0.5 P8 1 2
3 el 0.5 >Q 0 DAL 1
4 0.5 1 0 1 1.5 1
5 [0 . 8 e % |2 o~
6 2 2 2 1 2 0
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Job

Machine 1 2 3 4 5 6
1 1.5 1 1 B 0 2
2 0 0.5 0 1 2
3 0 0.5 B P 1
4 0.5 1 0 1 1.5 1
5 |8 0 B |2 i
6 2 2 2 1 2 0
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Since each row and column of above given all 6 solution matrices have assigned
zero. All above written 6 matrices will give the optimal solution (Alternative
Solution). Hence optimal solution are

1 -4, 2 -1, 3 - 5, 4 — 3, 552

1 -4, 2> 2, 3 - 5, 4 - 3, 5-51

1 -5, 2 -1, 3 -4, 4 — 3, 5-52

1 -5, 2 - 2, 3-1, 4 — 3, 5-54

1 -5, 2 > 2, 3 -4, 4 — 3, 5-51

1 -5, 2 >4, 3-1, 4 — 3, 552
In all the optimal solution 6™ machine will not do any job and
minimum total costinall cases = (6 +2+3+2+4+7) X100 =
2000.
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