Non- | 'neant Pasthal differenHal E?’uaﬁ'an @

A, Compatible System of first-ordr equakions ' —

Consider the first ordtt pothel drffenentra)
Qqua.Hom'

f00Y,2,p,9)z0 < ---(D)

a .
nol F00Y%¢pq)z0 = = =i}

Then equation () and (1) eret known ad Combatible
A;uham i they have atleast one common  Aolubon-

Necessarty and Auftiuentd condikon '—

Necescarty and AuHiciemt conclctron for
Compatble systopm 4 [1 97=0

oY

M +p. 3(H4) Loy +q’_9(-h?') -0
S0np) 2z p)  dY,4)  atzq)

where

'-ffx,y,?,,b,q):o and FouY,2,b,9) -0
it o ptl fit] qin.

.- Lot the portied dlifferentrial difterentcal
equetions /’.‘: POGY) and 9=4(ny) art

compobible (Hf | 2P _ o8
Y ox -




Examplo 1~ Show thot the  equaffont  XP =vyq ®

and  z(xptyg)=2xy o compat'ble, qnd

Aolve them.
SoluHon ! —
L—Q" .f('z’lj’?’ b,Q)_—_— XP—‘)’?’:-'O ______@
anc 7%y, 2, Pig) = 2(xp+Y9)-2xy = 0. )
merefnrgl
'f =b, 1[ = - -0 _
X Y % ’ {'Z. ' -)[b_x ’ 7[%:-—}’.

qnc, g = 2h-2 _ )
X 2P-2y, = 29 -2y, Po=xbryy, §,=2x

’

39/: 27,

,;rf,w:/;gt 2f _/41 JP/ b x
(. p) - -
3 3 o T [zpay “/

= Axzp- X2p+9xy

= Qxy.
LU / f2 'fb/ /0 r
- = — 2
2zp) |9, g, xbiyy n} (x%b +xy4q,)
g(ff9l:/’fy ‘Fq, _./"‘l, Coey
2(Y19) % 4 A5 g = TZYR +2yq - dxy

= =dxy,.




®

and  o(H9) fz {q’ S 2
&= i - x
3(2,9) 2t xptyq 2V Ybtvy'q.
Of13) 4 p. o(H9) | 2(hE) 4 o(H)
(X, p) a(z,P) 2(Y,9,) 9(2,‘?,)

= 2xy-x2pi-xybq - 2xy + XYhq +yig-
= — xtpr+y2g2
= —(x2pt_ yq2)
= (xktY9)-(xp~79)
= - (xb+Yq)-0
=0

= 9(1‘!9‘) + b o fe9) + o( 1 §) Qi(_fi)—::o-
X0n.p) b) oz, b)  9(Y,9) 2(2,9)

Heénce equatlons (7) and 2) oru compatible .

Now, Solving @ and @ , for p and g we get

Pc Y = X
z ’ ? Z ¥ *®
o s B > z=4(nY)
-)dz-gid”‘” dy
D dZ2 = (Y )dr+/(2X)g S
('Z) [L) Y '_‘)dz:k-dx'f‘idy
2 Zdz = vy dx +xdy where b= 2f

l?z“-?x c] (om Inte » -3t
= dxy + n 7ral-ftm) 3=y




Henw we g,w

ZZ:ny-rc, whot € i anbitrary consfant

NS ST

( Which reprosent the common Sofubim for the egn @ and

@)

# Exercrse ¢

I> Show Hwaf' 2_2'_:714'87—[ qnd _P_z; = 821" 9}‘ +lo
oYX 3\/
cute  Compatble-

2). Show that the equaktms p=ax+hy+9 and

9= bx +by +f st compakible and hent Aolve them.

where  q, hr?,b and f oll aru yeaf ODMMWI'S




# Charpitlc Mothod I= ®
(General method Of Xol\/"hg PDE of ordv7 one but of
any degnee.)

Concider a fir.h‘ orduvt  non-fineest PDE
'7(("’ 9,2, ,b/Q/) pll o) - @

A —fami/y Of PDE
§(0Y,2,09,8)c0 ---@)
6 Awicd o be one paramefer family of ppe

comptible  with () if @ s compatible with @ For
eaeh V‘O’Ue Of 0g (a’

5 [fg]z0

) Mf b 203 4 ﬁﬁﬂ_)_ +a, 2(hg) -
o (%:p) o(ziP)  2(9,9) 2(2.9)

[ At Sfe .
% % tooBl 19y g 2, .

)

> Axdp ~ Gy tb( fadp- S fp) +(7[7?9,-371’9,)%,(1‘23@—721‘7,):0

=) —rfp gx "fq/gy —(/’1[[) ‘f'qz?[q,) 22 ‘f‘(q':r
whith




_9’}, = ,Q’,L = _ci}/__,,._—_—__f_/,/i_.-——— :'ﬁﬁ‘-—_
oo h bhetify (1) -4yt ife)

+hie j¢ knowd 04 Chaxpit!s auxiliorty equation-

(Rote] chasipit's  method Condist i choosing
g one  paxamefeH family of ppe fo which 5 Auch

that  eauh membet of thefamily 5 compakble with
the given €n Q.

Examble = sulve ! Prtqy = pg - —Q
Solutom! |

[ et

“+hen
:ﬁx:'b/ ’)C)':i, 2= 0, '(P:X—zi'fq,:Y"#-

f(x,a,z,p,g,) =pr+9y -pg =0

Now chasxpit's aquriliosty  equatms arw

dx _ dy :_,_EJ__E————- = —dp - -d% _
1p fq, P"P'rq’fq' fr+bfe fy+9-fx

n

=) dx ____’___d\/ :___ﬂl/—“—‘ = :_gff__= "d‘?z ___.@
X-9 Y-P b(x-9)+4,(Yb) 3 T

5,£’rom @/ we have
| "‘.__d_E:: 'f’j
B 9




4 @

5 db . 4%
P 9

s fn{‘ﬂ&m}"'d”; we have
’03” = Iogq, ‘f‘,O}ax
o peag -0
putting valve of p in (), we have
axq, +qy = a-9,9,
9 (ax4y)-4 = agh

o) (ax+y) = 49

therefore , we w

Now, dz = pdx + 9dy

o dez = (ax+y)dnt+ XY, dy
a

-) ade = (ax+y) (ad’('*‘/)’)
on Aniegrofing, we get
az = (0r+y)'*"+b:
&

9 90z = (aren)ty gy

o fRaz2 = (ax+y)*+b

whith [ regujred Aofu/"'ﬂﬂ)khuwha)s"(ame"?ﬂ I"’f‘&*‘(




o) dz-ady - ‘-?sz—av)dx
x*-a

S dz-ady Ry
Z-ay )

on Im,tcgmh‘mo?, we gef
led (z-ay) = log (x*a) +logh

or, Z-ay = b(x*-a)

or, Zz- ay -HD(XZ—Q) o= e T @

where q & b are dﬂbifmry cordtant:

Hena, egn ® 15 the Comblefegnteqgral Jor ppe ).




S'I'namlan Inkamt :

’Dfﬁerﬂhﬁaﬁﬂg etin ©) Pa)f;l-lb//y wr-t- ad b, we }4‘ |

0=9-b ---Q
£ 0=xa _,_._@
:’emm@) we W b:é(,.
f]LYD‘m @I qQ-= I?—

Now AMMH-FUHV)OQ the valvet of a4 b, given by aba\.ze
in @, we gt
Z =Xty +¥(x*-x?)
2 [z= xty

which 4 the required A:‘n(?u/cw ,e°n,ic0am,/..

Differenfiating epn @ wrt pand g respactiely, we gt

6 —-x*_ 2
OG0 — 30

£  0-0 -2gy tP=0 — —-4¢)
+oom 3(/) 4 4(}),we have..
a=x* 24 pP=2xy-
Usfmar above volue of P<Lq jn @D, we get

QX Z —-?xy.x?—_Zx’:xy +Iny.xl_ 5




which 14 wquired Al"ngmfwf fﬂ’f‘}”‘f‘

Geneval Im%e%rfxl:
Eeblau‘h} b bbt 4(a) In én ®, we 3'4-

Z=ay + ¢(a) (xt-a) - --- @
'fo'ferenHaH”f egn @ wrt 'a' we get
Oz='Y + q.'x’[q). (x*- a) - &(a) ——"@
Thue  +he 3enem/ Jém‘cgm/ 14 obtained by gl:‘mina,{—r'n(?_g
' feom @ and @

#  Exercrice tem
e
@. Find +he Complefe /'nHZ?rd/ Uf the fo//ow/'nj, 37,,0”4,-[/”4:

- zpg=prg
i) g = (zrpr)*
). (P +42)x = p2
@. Find the complete, /Sf'ng,wjaﬁ and 397701&/ ] in‘f'egm/s
°f the pde plx rqiy:g.




. ®
k_sggc:'a./ MetHocls of SoluHons aét//‘cab/e 1o Cerfoln

<endoxel Formy:

@ Standard Forme On/y P and q o ,V’“Nm{' J

In  +his cose e Conoidey the pde of  the

form
f(P,q,):o ——e

Therefore Chorpit e qunilionly  equakond  are
dx _ dy . dz

g - & oo _de . dp_ _ds
- 9%

'7£P ’CQ, P'fPTQ’FQ/ ) ’fx t P')CZ "Fy 'f‘?,-fz_

oA jo = 'Fy :7(2 o a4
f 1% Independunt of-
=0 XY,z

dz = ,DdX fq,d)’

25 dzz ady +l>d7
On Tn/'f:gﬂ‘aﬁhg/

= [Zzaxtbyscf -----3




wheve ¢ 14 cv{biq‘mﬂg constant:

putting  pza and qzb in O, we 9t
f(ab) = o
2 bzgpa) - - @
Usima e9n @ in e9n(3, we have

Fae- ax+¢(a)-y+c ———'@
Whech  jo rgzuirfd comﬁlefe ,l;nffzmj of

pde (.

‘ ana uloH Ao!uHW)].‘

diffmunh‘aﬁ?y 299 (9 porttally e vt ‘a’ and

¢’ we have

/7

O:x-)-(#'(‘a)‘y .———".@
ya 0 = NS __———ﬂ®

Aince  the Joot e (3 i3 mPanin#-le&, Hence
we tomclude that the poe's "f the 'form@

have A no )Kinzufcw KAoltdiom
General Soluprm !
$irst we amumt that
c= Yta)
So, we have

2 ax +<ﬁ(a)-7 + l,"(a) L _




'D;H~ eqn @ Pa)tHa//y wrt a, we 90,t'
0= 5(+ #a).y + Y'ca) —- -0

Eléminating a between (B) and (3), we get
+he aemraf Aoluftom Of pde @.

EXOme/e,,'._
12 Find (ample+e and 3Qmm[ Aoluﬂ'mu(m/fymls)
af the pde
PZ”‘iZ: /777’, where m 5 (ordtant-

Soluffon?

S we  have

L

P f/'%L:: mt - ®
Where s topatant

G (D A of fhe form fCrg) -0 Therefore
the Aolutron of (D 4-

2 zax + by #¢ - ®

by puﬁfng pea £ g:-b O, we qut

Q2'+bL -=mkt

=) b :w m"—-ql)

Henco the tomplete ,(nfejra/ /4

Zz=axt Jmiar +c. - B




G1Q'T\Q1ml Loluon .

Lot cC= 4(0).
we .qok —
s z:qximb-\a*éla) ---@
ch\'( e—f\ﬂ@ Pw'LHal\‘a w.ry.{ a we %q,\;
0z % § —= — + 4. ---0G
mr-al

e\,‘vmlmal'iﬂa 0 4wm eom @ and @, we
gk the wequived %Qmaﬂ Lol wton o% NS
Fd0_®-

Eyercise s
o
Find -the complele and %Q-rww& Lm’raarols
Uj— the rf-ol\ou?hna gy —

'L)_ Pq = a, w han 0 (& Corifant

l\) P+q, =P9,
i), p"-.rq} = mpq, whe ™M i owtaml




* Standand

®
—2andand fvom (B)! Cloiyout Equodiown ¢

A 4ivt ovdot POE I Awid o bz

of clatyaut foren  f 4 can be (riten

oA -
Z:P'Xﬁ'q’\}-f-&cpqu) -—-—’*(1),
et F= PX 19 Y+ §(Pig)-2 - -~ ().
_TR(’.T‘Q»&DT‘Q, Choopit!e auxilia)ua ems o
_d_')(- — dY - d’E - —JP - dq/
Fe hy, Php t9 Fx +bFy €, +4, Fy
= dx — dj = da — ,__-O_P_ - —'_C_’E_/_ @
Xt 4p 144, P(rtdp)rq,. (3+4,) 0

From et 4wo  Jveckion, we, qur

dr - de
6 o
=) dP=o dq,:o
=) P = CovuH- q/-:.Oom-H—-

= P:Q (L%)




®
Aubmran% P=0 and qz=b Im ogm (D,
e wmplete Zﬂk%raj [1&

‘7--'- 0% +ly w(a.b)‘- -- @
o

Sing ulax i“ﬂﬁn&:
DiH egm @ Fww,h'o.lhd w- Tt g and b
we have

o=%X+ {'ta,b)y ----(®

oz 4+ t(ab) __ (8
e \invunoake @ and @ om Qg™ ® and @}
Wwe  gek  ~eq vived Mm%u\xm Jt“n'rﬂ"é‘mv? of
pde (1) |

Exawpleg= Fimd +the complote gnd }L\'m%viw,_
i‘fﬂ'e%"rd\;ﬂ of the Qquationy
A= PXH Y+ prrqr (),

Solubon %
Heve %iuen Hrok —

S ZE PXAQYY Pragr —— ().

the pde (D 8 in  clalyoutic torm, Honge

ke tomplele :l'ﬂkm‘ A
R




@

Mt eqm @ PMHallma Wt q &b we
have

O = X+ 20 - D qQ—=—-X

0 = ‘a,‘\'lb

PMH-\‘-n%, the values c:'& a and b gn Q‘a\“@;

we %O/t e %3“%u(ah_ i’h’r'rz%'rd of pde (O
o
2= 05)oxr () v () (2>
9 = LWL xt g
y T = T g T
5 |z - —(1’431)
4-

Fimd

The omblete
the.%ml_q of the pdas
2= P+ qx- g

ll) 2= P+ CLI‘\' ml'

., - = P ¥gx+ loa(pcw_
W), paz= PPgx+ PR+ (PrgR),

and %i'n%ulatﬁl
'L).




Atandasd form ¢ Omnly P, 9 and 2 qre precomt s

Comgidon  Hha

fiett orden poe of
the  torm
T(quf)Z):o R )

Cheurpitle aux'\\iwua s ane -

dx _ dy d2 _ -dp _ -dg

— —_— = _— = —_—
N i:-P ’}q, P'S’P“'q/&q, {’7_'(' P’&q_ ’&L,‘\’CL‘&_L
gr  _ dy o dz_ -de o -da g
Ip g, P-p 195 Phe Vi

%-,‘ 'i"x.‘:rf‘laio oA ‘&C'P‘C\,,%)’—«O}

FYOm lC\}:“’ +U~90 '—jTMHOh' we %’Qk

dp — dg,
P*‘l Y1

5 df  _ dg,

P q

gz apl , whow a s an
Mbi’mmua Lomstrant-




dz = pdx +q,dY
= dz = de+qu~/.

> dz = p(dx+ady)
9  dz = p.dlxtay)

= dz = Pdu - = - - 7 (2)
w how U= X+ 0 L p= dz ___ (a)
Ww
R S —_—
Ao UuO_%Oz\’
q=ap=a dz, ----0,
H

Solvimg ® ard ® we 9 7z oy foneHon
of w. Lomblatre L"n\’earal

u :X-ro.».é.

% obteimed whan

b‘ﬁ Jukp\aum C&

owrimg_merod)-»

Let pde 14
tep g ,2)z0 ---(1).

Abept). Lok Uz xyoy, wher a i arbitvany
comnsfant -
Stepay. Replaw P ond g by d"—u and Q

wesvu\’\\’ef“& in @ and tha
bolve the pde . bta, uguo& v aHaodL.

dz
“du

e



Stelpq
\UL>. RQ‘P\M u N @

b L
e e E helee
'0‘6 “Ateb 2

Step 4y
2Er s, H

oML we %ﬂk Y%UiTQA comblete Anleg -
vl o& pde OF a

Bomod-
, Find the complete  amkeqral of

P(L+q.) = q 7 .
AoluHon | = *
Giwvemn thot
P(L+a )= qz ----®
Puﬂ'\ha P= 0_\_1_ and
du q«: Qé_z-' J.-T\ (D

wheae a8 cobit ™
‘rw'U—a Lovitant and u:'ag-\-a,\a

Thowetovre,  we et

dz
1 :
= ( +ad_'%>: oz dz..
=) 1+a. 4z _
du =z
=) o A7
T - az-1
=) a(d‘z.
___——-—): dau
qtr-—1

)k .Q'UW“'Q%TO«HO'Q we  have

log (az-1) = u+e.

:
% Xtou re. \ U= Xtos.




‘Examples  Find the tomnplete imk—a%m? O-S

11(91*6\}“):\0-, k= Consit.
So\u.Ho-n:
M

Hene %'\UQ'Y\ that

7 ( PY 1t r) e - (@)

43 A
du

can @  whouw : .

and U= ’)H-a).é.

dw
:) _Z.?— d__E L il 1 2 1
{ du)+q'%)1‘”t*11
= (1+0%). (éi)"-, Y2_ 2L
d2/) ~ S5
.
>+ \)+ar. du _ kol
2 =




Om i’nkamﬂh% Jwe have
+ [+ar. [kr-2> = u+c.
* g
=TIt o)y (k%) = (Uto)

2) ‘(Hq)"’(\(l—z)l: (wfc)ﬂ

' v+ et -
whee ¢ A OJLbH’-rwua cov T

Eam @ & faqu\fad Loy bleke Q_mlraamk
ha

—— — @

ok the pde O-

Find the wmplate i"ﬂ\—a%\'\oﬂ. of
%ollouo\"n% QB\'U“*HM

’ - o OPOre) = q (o
||) P3+c‘/3_‘ %Pq’l 6

s - AN LET AR




©
R Arandand form D4 Equation of the &ormﬁllP)szﬁﬂ,Q): |

covuaidor  the non- fimeoor Pde  of Hrst

ovdon oJS He @fm

F,00e) = .49y —---O
Ve Fz 41,0+ M,9)=z0 --—@
Then chaspiftg Gux'\\icm}a 2Qgms  ane
dx - 9 - dz__ - -dp - —dg
Fp kg, Protq fa,  Frrpf, Fy 14, Fy

dx _ dy _ _d4z = - dp
:? + 7‘?1 #9‘?1 Pﬁ_l:__ql?i} ?__‘&_
2P T2q, >P 29, 2%
_ - dg, _
T Tn O
>
Now -\'a\r.("n% '%\YS’F oand %ou)ukh ﬂ-mHe—v\, wQ%Lt
dv _ d P
24y 24
P P
25 ok .
5 (2 )+ (28) de= 0
= dfy = o




)

which s of e Aorm ’YLU.P)"}SLU&%)'

pr(1+x*) _ 9 _
xr - -_%‘# q (Aa}a) B @
Them, wae QX
L\rd)
P ( T —Q i:a,
* g
= Pl':- axr® > ¥= %%
|+ x>
=) p=- 4 Ja x ) _
Jrerr q/'—a‘a _’@

S T

)&ubs\-ikv\’i'ﬂ% Hraee wvalves 0&' P & q, LN

dz = de"’q/d\/
- dw = 1 Jar o\1+a*d’d‘é(-

|+ x>

0N 3«1\\'0—%'(04’{!“%\ we %‘ek

[
- ‘_L - 4 fa Jrex %%L+Ci —®

whow, € & an onb'\'\'rama covatrend.:
¥ oW (A Yo comblete z-'r\ko_okxmﬂ oi-

s \)dw OF




Exoriuses
fos s S e

Fimd +he tomplete, and 95\'?\%\1&091. -E"'\’K—%ra!_(
O'} e f"-o\\ow'\fn% pdac

D. : (Pl‘?'a[,)') = XL+‘6'L ]
& PPy (1t 1Y) = gt 2
3). Prf+y=q,+x-

4). 2 (Phagt) = Xy




®' chobl.'s Mafhoo’ o>

=

Cong/ der the pde

f(xi,)h_, XZ' PJ, PL, P__Q) =0 ’.—."(D

and +he deponclent vortiable z  dows hot ocew?
except by Ik paHh‘oJ dpuvealived PI, Pa, py .

Then the gslubom of PPE (D IA 3,iven by Jacobr '<
method .

[Note | TJucobi's method 14 uced for Jolvl'fhg. pde

ha w'mg three or m A
ore thon three nd
Vestcblpyg eesend

H Working MeoHodbem

/Sfe,olA: Considesrt a pde having  three [ndemende mt

yevtiablog ", Xo Xy Ak

C
7L X, A, X3, R, P, Py) =0 —eia

Steps  Tocobilc quxilioxy gn for pde @ iy

_%ﬁ_:dPL:dﬁg;gﬁ_:_C&::,d,z @
% #2, R R —fp,




@
. two
_’ﬁtfﬁ_:f.‘ Ao!w'n(? fear egns @, we obteun

egnt At
FI(XHX'L,'X_Q’PII Pz, P_';) =qy .——-r"’@(’)

R (4, %, %3 Pl y i) =a, ———

where oy and a arut a}-lbfhrw'(/d condfants.

lNoFe | While ob+cu'm'n3 3 £ 3¢/ Py to Aelect  Rimple
et So that we get Aimplest form. of Rolutbion .
stepq ¢
Voufy  that  eqne 3¢) £ 3ii) Aotishy the  conddlions

3
F,p :Z-ﬂﬁ APL—_‘D_PL,._Q_&. - R
( 1 7—) [:, /3x" QP,. BF’ ax', =0 @

if 4n @ Is pakictied He glve gn 0, @¢/)
anel 2 (/1) for f’i./)z,

S'I'et £:  Comp

fo an foimrs  of %, %,

IE_f‘e /nk r‘ﬂ,/ gf ,Dd€@

24 94\’0) b]l...




Examble @ Find g complete Ankgral of Py+prg=rpr. @

Lok
-f-(‘)e, My LB ;PJ; Pz, PJ) = Py +szl—pl7—:o —-
Jacobi ¢ awor'l:‘a}«ﬁ e are

dPJ - g&__: dfz _dy _ dxa dxq

P
-

-

fx, 'fx,_ sz ) "'F{; ~fp,

"‘)[Pg
3 AR . dh . an = du _ dra _ dxg @
P’ P')__ 0 "x’ - Xy '?P_'Z
New, e +akmg #ist and fownth Prackon, we get
CJP’ = -de
P
On m#@graﬁan', 2
=

= .
f42% ~-= @ ££: fxyeq,
e
Ximila)d{?,, taking ﬁuu,h'm Aeeond 4 «ﬁ«’f-ﬁ», we 7,06‘
_O_IL’:-_- - dx,
P_z X2,

o (ngration, we geb

le'.z = q{ —-——@ £ F-’z = 3_7(1:42_

e ——




Now we have fo vaw'fn/ the relapion (A1, B) = o o
(F R) = Z(' 95 2B oh op

:(DF,._QEL__E_E,._E,_ 3F . Ok
2% 2P op, o +(9X; op.
p 3

OF) af
5P, "5——%:')4- _’gﬁlﬂ._ﬁl__ 2k .DPL)
3

313 Qfg ij 0%,

= (ho - x.0) t(ox, 0., )4+ (0:0-00)

-—
—

20 (h, P,_) :2] (pr‘ed)

NQ”*/ /gO,V’.ng @1 @,@ —FOY. PJ; P.?, P_Q A fb'ln’h!

of %, Xy A3  as —

X 4 92
L0

foz [ +a,

Henw  fhe complete Inttgral 4 given by -
dz -

2(®

U

P’ dx’ 'sz,dX,' + Rg dxg




@

= dez = (%&)'d‘f, + (-(-q')-{l;)chr1 + (910, ldr;

on ihl-ejmhm, we hove

Z = Cylo?x,-ro,_lo?h*f Jo 14, X3 *‘qd

w,ﬂqrg

%, 0, and g, ore a)tbih-axﬁ cond tand -

2
Example! Eind He complete in#eﬁraf of P+ 34

PPy =o0.
50’(440’7.'.. [_u;
7((11 X X3,P 2 =3 & 2
1 Xz, INNgY P_'z) Py x, r3+3P2x1 +6. P3:o
| . —
Jacobi'g o,ux:ha.wy ¢nd auw
dP _ dp
! 1 ’F'(l ’fpl ‘F-PL 'f-Pl
- __E’_PL- ,-:__E’_.P.z:.___ =__dP1 = ~dy _ -dr,
2P xq 0 20 x, + 6F,1, +2%%y  ~3xlogpp,

taking fivst and FowHth fra,u‘!'tm, we et “R"
dP/ - —dl,
I T L D
2P %4 I A
on c’nkgra}fan, we have

= Rryyza, or FEpx=q —@)




Aimilely | takig secomd and ffth faction) 8 GeE

q’P.?—:c:
o f=a, O o= fa = 9, -—-@:

Now egns ® oand (9 VWf)’ (6,&):0 _ - - ®
(P,,P,_) = Z(QPI JPL - ;D_ﬂ. DPL)

IQX’ DP’. ,;)x,'
of o _2F oF
e o Db
D%, P, 2P, 2% (Dxm Y “:: DF)

OF .JFL _ oF »op
X3 2P O 3};)

= (0:0-1.0)+(0:0~()0) +(06-13- 0-fy)

- O

Heneu we nt (P_“PL):O.

Now

, From © and@ we gk —

Pi:% ond Rg:ql.-

‘ N
b_cmg the values of Py and P 9n(D—
2o Y

< .x. o
¢ Tt 3Gt el p oo

£

= (2%?;-’—342232‘)




S dez=fidy + Rdxa 4 Prdx; .

Ddzz B gy ta,dx, + -.{— (2473 +3qz’f3Ll_fd’g.
Xy 9,

2 de-= _‘;'_i dx, +a,et,— (262, + 3, %)

Xq .
1.
%

on iq-,%gyra/—r'tm,we fhave

Z= a /o -
( C-l_t‘?)(./-f-OLX;_ Oél{a'f{?z*'qzlgsf"fcgj

O N—

where %Y, a,, Q, wu ayé,’#ﬂ)—f/y conAtant
ey
< Find o complete inkegrl of PR = 23y,

v Find g complefe 1’”“9*60{ of xﬁ’,"f?(zﬂl—rﬂ’;‘:o




® .
# Linear panhial Differenhial equahon with

constant coe fruewd
) '

ont ww’able
+hi -ﬁirjf' orelt and

A pde In which depend and 4%

devivafives appeeH (m{y {n

not  mulliblied  fogethol | Hha conlf. being  Cemdtonts
khown as a Amear ( pele) powH'al’ c&ffbanﬂaj
ec]uaHon with  comstamf wsz/‘uW )
Conicey the 7erw1af {arm of egnt=
(Ao 9:‘_%,_’.[)’ th g S +A‘h ahz +(BD 9”12 F----
2" DNy oy 9?" D x
Cet By, D2 M, 22 4 M, 2L _
™ 3’7—,,;)* r (Mt D7)+Noz-f(w,9)
—®

wheve  the cotff- Ap, Ai, Ay,-—- A,, Bo, B)--- By, -~
Mo, My & No et cowdfant - and finy) B a

Congtant Or ConkHnuvows fum,ﬁ‘cm af xzz.

o} g
» [ (AD"+ 0,2 + ----1Pn D)+ (8D 7+ B D" - -

D 'H) # ---+(MoD+ M,D')+No]z: j’hhg)

= ok Bn—f

oY




®
Cate 1>,

| — if 'ff"ry) —o then

/ (D 0')z=0 }—-—"- ®

Ffin @ 1A known ai Homojenww! Lrngeuvt

particl Differentral Equation with comfunt toeff.

.C.a_Af-i)' 'f f‘”"f) 20  Fhen

t F(D,D')Z :f(x'(j)l'l . @

E%”@s B known as  pon- homajerw,ou Lineare

porttal  diHerentral e?uu}f'm-; with  constaont
Coeftrerembs.




H2 Work/'nz Rule t)r Fr‘nc//'nz COmb’lmgnf‘a)-Lz a‘unchzm
of L"heg)f Aomozenﬂow( Ea’e L«J"I‘H1 coyvifaﬁ'_
cwtﬁ‘u‘wt y

/g'feEl.' Put  the given egn I Atandas  form -

Arph n-|
( TADT et Ay ") 2 fouy) - -0

-rep2 Pe/:lacfn; Dby m gnd D by L in the

Coef. o)t 2, we oblun the aupi//'cvtj e,7r1 af

Step2s
ep2d  filve em (2) for m fol/owinj Coses aruiyp

Fet m- m,,m

Y "7 My (dishnet i)

the n




®

Case )iy if m- m, (n-Hmer repeated )

then Cf. -
en CF. - 9&_,(5., mx) +z~;§{9+m,x)+ 12-43(3¢m x) ¢
, T

pials +)t""74,
| n/y'f mIX)
Case o (orredfonding fo a nm- repeaftd farfor D on
RHE- of (2), +he pant of CF 1 4(y).
|
f Cane v} Corr_qg/pmdi'ng to g non- repeaid f.:u/far D om

kHE. of (2) #h port of ¢F s ¢(x).

ComeX! Corresponding to @ yepeaked faupr DT om LHS of
(&) the pard of P 4

CP = Y+ XAl 4y -t X ()

F! Corrusponding (o a repeated facfor D" on L
of @) the port of ¢-F A

CFR= 400 +) 4(0) 1Y 40 4--- 1 ?’M‘r‘,,{xJ

EMmE?e: Aolve! Qr+ 544+ 3+=z0

oo Jution 2 ‘-:)("?DL‘)"S'DD"f'-QD’L)Z:O ---0
putting Dzm ¢ D'z; we have Hu
cwxr'/r'a}*y e ah,

ﬂemz‘f'rm'f-.?;jo




@
> JImr+dm4mt Q=0
D dm(mta) 4l Mt9) 0
3 (m+a) (9mtl) =0

5 [ ma-gor m:'-yzj

Therefore  genuad Aolubion of pde O 1A
CE R0 4, (Y- )

22 (Y- kT (2y-m)

Tro 2= 4 (Y-20 + ¢ (29-2)

where @ and @) au asib) frevty g"wm'

Example 3 Aolve (DD _p )z =0

So[upion s gjven that
(D4D/__D;:‘)Zzo
=) 'D'('Dq'—-‘D'q‘)Z:.o ——"""@

Ee/o/au"n; ) b? m and by I, we have
avxilioy e ay

Lo(mt o)

9 mfozg




®

 (mha) (m41) 20

3 (mar) (m-1) (M%) =0
:) me= _/)+,) i'/'

= (:”7:: 11, i—i/

From  eqy D, it 13 clear #thal et 4 a nom-
re peated facfov of @’) thunt fore wrru,éohgr'nﬁ
CF i3 $(x).

Henece 3erww] Ao[uHom of pde @D 14 Jven by

2= F(Y-x) +9, (4tx) +¢,(9+ix) + ACERS

T ¢ (x)
whewt ¢ awy anbifrary funehns for () o

Examble 3¢ Aplve ('D%yjz e0—-— °
50/[;!—!'07).‘

GeEmesete——

V' Here ?iveh fhat

(@‘Q.D'z Z2=-0o

- =0
Im the [ of e9n O fheve 14 vepeateol

fotor of DB gp 2%
ﬁeﬁlw"ﬂ} D bj, m and ) by 1, we g,et‘

m3zo

=) m=0 (3"*‘”’3414 rﬂ/a.eaf&/)




2= 4’1(‘1)+I‘?z('f)"'114’;(3)+%(1)+71H(9)

where ¢ 4y, $y, Y, and ) @Y by

Joretions
Solve the 5ollou7"”? %qaﬁW-
. v+t +4s=0
(D2.0'% 40292 )E=0
2, (3 -4p*p +4pD")E=0

¢ (’D4'D'2')Z::o-




®
#), Method of Finding paHch/aH ,mlfyml (1) of

Qz wekom ¢
ek F(p,0') 2= 7‘(»1,(/).

'. When jcf":y): <f:(ax+b7)_:
e —— s ] s ————
- /
‘.f F(o.D') be /)amogenww funeHom of D and D
of odegrue n,  fhen

. , (g)] - [al‘f'b)
PI-= P("DD —-¢"(ax +by) = p’_——‘{ ) ¢ y

provided  Flab) #0, ™ being n-H deuvalive
of ¢ wrt (antby) a1 a whole.

Exccéh‘ona] conl d=  When P(arb):o, then At above

theorem (4 not  vald: In fveh coae

we  have
______’___.f- .qb(auby) =
(bo-ap)"
:(D. i} Flab)=o Hun (bD-ap) it o facpor of
PCDID’).

(@: (f PCab) 0.

T = ——- cP(ax+b~/)'-E———- ” ——frf!\r)dvdv— -dy
F(p,D') (a,b) where VZaxtby.




%P_’e_"“ Aolve  (p*+ QDD'-r.QD'L)z: Xty

So] wHon e

Here 31’v¢n pele It

(DL'FQDD""QD’I')Z = (x+Y) ---®

Aum'/l'af# egn of pde @O M1
mt+ 2m.| +3 =0

3 mit3mt Q=0
3 (m+) (mt) zo

7

CP = d(9-0) + ¢ (y-an9 _ __ @
——-————1— -

Now partiewfar  gniegral of pde @) —

pI. = = - (xty)
(D2 3DD'1‘.?D”'}

1

= (x1y) dx+y).d
(ua.r./n,/)[/ 7 #edts)

= / j/ V. dv. d
(1+3+2) L

twheve - ).'-f"j




[ufton K given b]—-
Hemwe req/ufrec/ 297\1’1“! Ae 3’

2= CP +PL

3.
D Tz 4(Y-x) + 4 Y-n) jlg (xtY)

Sx+6
Example!  folve  (03- 602 41100 rapd)z= € TEY
M: @ ‘> the ajven pde 4~

Auxilioty  egn  of pde @ 14
m3- 6m™ ¢11 m -6=0
> (m 1) (m-2)(m-3) =0

=’

_ﬂ')QYﬂ /
ot CP = ALYt +H(929 14, (yr3n) o _(p).
—————\.

Now  pastficulos t'ﬂff’j"ﬂf of pde@ 1

/ eS'X‘fG)'
(D3- 62 +1100 - 6p?)

- . i Jﬁevdvdvdv
3 2 1 2
L XCxer ¢,
(5% ¢xctxe+ 1 xox 6.63%) e

Y= S—X-fsy.

PT. =




PT. = —_L ng+6y
—_—
Henw genwtal Aol ufom of pde® 14 giver by

{z = (Y1) 18 (Yr2r) +H(ys 2x) _ 5& ef”g”;

Examgla.‘ Aolva ! r-24+ % = Ain(ax+ 3y).
Aolubomg Aince  fhe given pde 14
r-34+¢ = Ain (2xf.27)

Y (D™-app'+ pYg . Ain(22¢3y) —@
Now, auxi//‘a)fy en 14

mﬁ"-.?m +l20
7

Thaw./we, i

= "",(9+>;)+rﬁ(y,«x) —--(@
and  pasficulors (nkgraf .

b.z‘. ~ / . Ain (27t+3y) Tk RS A"”(ufg?’.)
(D% 20D +p't) (p-p')*

= -(5—[;)—7_ _“ Amv duedv

where V= 211‘37




=Y
PT. = _j_ /-Cosvdv / f/!fnvdv:’(o!v

) FP-I- = —-Ar'nv/

—

=) PL = - Ain(2x+3y)

Henu genera Aofufion of pde O 13-

Z= 4(ysx) + x4, (ytr) -Am (2x23y)

Example :  folve (D2~ 4D’ +4Dp'})2 = 4 Ain(2x+Y).
Svluﬁ'mc‘

the ?ivan pee 4 |
('D'?— 4.p*p' +4D'5) z =4 Am (2x+y) - ——@
Here  the avxi| iy Yn A
.t 3= 4wt 4a= 0

D mf m-dm+q)=p

Q m(fﬂ-.?)"":o
7
CF= 49 F eyt txd(yte) —-- (@)
Now p.1, corredponding to Ain (2xty)
! \
I, = finf2x+
i D ap'p'- qpp'*t Ain(2xty)
z J - AIn (.?x-ry)

D. (D-4p)?




P. T.

1

¢ Aln (2xtY)
D(D-9p)*

= 4 { L. Ain (2x+Y)
(D—a.o')2 b }

- _(_4_7 (—5, Cax(sxw))
D-2D'

= _-—,?' _,—’-———f"“ CO'S(‘QI-"H)

(D-3p)*
* ¥ (B for u/a)
= -9 x* Cos (2x 1Y) Y form
: ﬁ Excibhomal Cons
PT. = — x*es(2xty)

Henee  genural Aolution of pde @ 1

2z ¢ (y) 4 ‘#7_( Y+2n) ‘f’chg (y+2r) “IZCOS(ZX'f_l/)

v Selve the foflowl'”j pde =
D (9% §DDI+4p2) 3 2 Kin (4ty)
). (0" 24 p! 4arp't)s = {yrax)
). (D% 4ptplt apprtz = g1y (yt2y).

IV)- ('DQ-"JDD")"-?D’?—) z = eZX—y’fex_,y + W(k‘f‘lj)




o)
(Caceg]: wher fCu9)=xmy™s

- f ncm, / Ahould beo expanded i» pow s Of
+(D,p')
D' .
F 8 o
> f mcn, —L— Ahsuld be expanded gn powwr of
f(o,0")
D.
'DI
— f m=p, then -L—— can be espanced (n power
F(0,p")
of 2 o D.

D

Examble ¢ Solve  (pt+3pp'+4p'*)z = xey by expanding

the partHudar Aty ref.

Solubom ‘T the gjven pde 1A
(D> +300'+20'*)z=2y ---O
Hexre a,uxf//‘ah,y ogn s
mi+3m +9=0

= (;""")('mf-‘?):o

:
C.P. = %l[(j—l) ‘f-¢1,! 3"-?12 —_ - @




Now  parHeuwlarn -t'h\-(.%,r‘ag_—

p.1- I 'l-‘a.-
(D24 2pp +2p'Y)

B 9~D|'L(l+ 'D'I"f' 3DD 'X)a
9 p'*
4
S ‘D"‘—r%'DD‘) o
QD'!L g_Dll.
‘\ f- DM 20D’ _,___,,'? oy
D"' 1
R

. ‘Mn_kvua— D‘i(z)ﬁ,

- a2t
9~D"‘ '\ N& 4 lf

= J_Xx-‘j}__ '511"‘;\1—&
2 ) e 4-2

 e—

e

- - )

Hemw w 8@7&*1:& Aojuldon {4 Jivenm b\&_

Z= 4. (4-1) +4, (Y-t ﬁf _ 3y

5N | G .




#,: Gieneral method o fmd;‘ng pertHeulast I,.,,L{T.a[.:

Let the given pde 14

Fto,o') 2z fony —-—0

®

where  F(p p') s homogentoud function of 2 &0

of degret n, Lo that
F(D: D’): ('D"”;D')(D-m;D')-"" (D'mnD')

PT-= __,___ ,f—(x,tj)
F(o,D')

PL = ! fny) """"@
(D-m,p') (D-m, D)) ----(D-MaD))

In orde fo calewlae P.T. given by (2) Lt
(D'mzb')Z: f()f,lj) - ——--@
2 p- m,q, = f{h,y)

:)..ﬂ.:d‘f_dz

T Ty O
+ak!‘>19 f"ﬂf ek fratf*'m,
dx _ dy
-

=) dY 'fmdx_-o




rom egn @,
dx _ dz

—-_._.-—""’-.

1 ftny)

$ dZ - ﬁ”/'j)dx

=) gz - f(X) C-mx)dx whare mx-fy: C.

;7 Z: [f(x, C"mX)dx.-

After Lnttgrafim, the condtant of Anfegrafion c
must be yeplated .l97, Czytmy.

Hence p 1. @ can be obluned b# q/ablwb’ff
the  opestatron G by the fattss  in Auccesiim .

0, Formulae §

O —————— 5

T L _fony) = [fx, cmx)dx
D-mpD'
what e 4t me

8 L for) = [£0x, cimx)an
D-mD!

where (- 7-mz.




| Aolve 9?,_’_9?_,./5,,,1
‘wd  Aolv = 5
¥#* Example, T ;
w: Here — given pole 1A
__9__2'_',__.?_'_&' = Ainx ’-——-@
. 1
Here cwxi//'cvty egn &
M+ = o
2 [m=o ]
CF= ¢ (y-x) _— -- @.
pT. = __LI_ . /gl'nx
D+l
:1-]X/'nx ol x
= — (ptx

Hernc 8en,vmﬂ Aolulon 1A 8,;'ven 67




Examele ¢ Aolve T+A-6t :jto‘ﬂ’-

Aolubren
Ainee Hu 5”"“” pde 1%
r+k —Ct :yCo.ct.
o, (D +pp'-¢p'*) 2= ytotx — -— @

Here cw;oi//‘cw,y egn (4-
rm-¢ = o

[m +3)(m-3) =0

7

Cofe = Pl Yran) t et (y-gx) —- - - @
Now parficulan Anfeqred (3
P71 = 1 — - YAinx
b* +pp'~6D'"
= ! YAinx

(0-2v') (D+3p')
| [ / Ydrinx
D-4D! ®+30'

/(3I+c) Co<X dx

1)

-~
-—

D- .?D'
8
( y ')fv-rm,u[a DD’ ftm'j)__[f(r C+ml)dx.)




3 P.T. = (D v [(3X+C)AlnX“9/AInrd1]

= 1 3x+C) Aint + JCos x
(D-2p') [( J

(D-9D')

- [-(j,(mr-f‘.?(aﬂ] / Y4=3x+cC.

.ﬂ?ciﬁp)lﬂu-+3aﬁp1dx*¥'

f Ce-9x). Aimxdr 'f_?/Casxdx

= (C'—.?x).('—[o,cz) -f-,?f—CuS)LC/Z w—f/sfl'nz_

= —(c'-9%) Coex — A Anr + 34Inx

= -y Cosx + Ainx / Yz ¢'-gy .

eneral
Henes Kolubtom of pde (D (4~

2= (Yt 20) + 4 Y-3x) + Arne-




of o af
at Clauiﬁ‘caH‘onwdw waha/l differental
EguaH'UnS.'

Consider pde of form

Rr+ S4 +T*+f‘(”1913rpl$):o ~--—0
L
wheve  y- 322 Az 22 k=55
ox2 ' 97“?5 d

and R, s ongd T one —ﬁunLH'm.f af‘ X and J

Egn D 14 /')wberbo/t'c if s:4pr>o -
Ean@ I8 pastabolic of st qpr-o-

Eqn(@ 11 elliphe if <2 qprcyp .

[Catoy [ When egn @ ix hgperbore e S%-apr>op
The  charactestishe @n  of @ i
PA* 484+ T 20 —-- (3)
Hexe the roofs of eqn () wu yesf and
crdHnct Aay Ay and A, are wofs of egn ().

Now,  the  chavaetartiche @ Cwrves  gre given by

dy

— = dy _

. 'f'rl, o P .aT,HZ_D
J,Aoftdﬁ‘(m l

E(ny)=¢ M(nY) = Co




> f(nyYy)-¢ and NOY) =C, au  Chaxaetart/clre,

@ cutvt  of pde (.

L . ‘
' Hom () s porabollt Le, 8540720 ¢
[E]: then _equtim @ is_pomabolte_
Here vyooft are vead and QQUOJ'
’:e. 4,: ,«,_z - J
Now cha}/acr‘.ua‘/xh'c cCurvy 1 q,,‘yu) by
oy
— t+d =0
o d
=2 g (mY)=¢

There /4 only one ¢ harackousfic  cwmve.

.' When Qf{,h@ i ellipHe S 4RT<0 !

hen  roofs are real and Gmploy (44/4 type)

D Here chwraetotisfic curve cqn nop py calcufated.

!0‘,’ The vou—tl'aé/? 6 and m whieh 7‘€C/UC¢. fo Pc"e
@ Ao canonice form

QU _ 42 2y
e 371

=0




' i Here Pde {'A

aLH — Il 911_’
ort 2yr

-0 ---0

R=1, ¢S=zo, T=-1%

VSSART = 0t 4xT = ntH o0 (0 x#o0)

2 TmeormaH‘m [A g%erbo/l‘c.

Mots Choraetericfic Cunved ool —

7

dy T RAN4LAt T=0
i i_/‘,:o
i D) A% x“ =zo

= [rf: 1-3(7

ﬁ»zrefare, we have

dy J
prissle 4y _y -
R 4 - r=o

3 dytxdxze £ dy-xdr=o

m Anfegrafion, we have




- — - A -

[Cancnccat Form]:- ‘he Poc

Alny ~f BUyy + Cltyy -f DUy + Elty +FUL =6 — (D

NOW, we wharge ndefpenclent- Vomatle X andy tafo §,7)
fhen @ beromes

'y t?f -._,t.ﬂ_tj:? —#E‘fﬁ? -f.ﬂh"’-’; -,-EL?*':‘E“ =6 —®
there,

A= Aj][':‘*:??,?‘;“ ﬂ_f_»,L -

R S RTANTTE
= O F B8Py, f gt
Mn 8oy # Sy 250+ )
S TN UL N R
= F

B =0

- E@:-.ﬁmm iy t‘mnrﬁHMnhbn

,-"-"f‘_i L 2
—Jec A Dey
JJL n -Jyl
#
(0 wlarenirae form.
folutron]: -~

N m e oy

=i

/

_"L"'_ -_ -H‘I'l'r"qh' -:Ji'r. =n
2nt _I"l -

)

:?': u‘l.—-.ﬂn‘n Xty o SE—
rﬂmf"“"'ﬂa D With Al 4 RUyy 4 Clty, + Dy, SEUy S FlUsq
e gef-

A=1, i'i‘='|‘.’?, C= -—Irr.h’:r‘ bH=0, £=0, F:0,hHco
. R ene =0 AsechTyn = rrrr#”-’l 20 (Hﬂml:-f.}_/f
'‘Roo#s of- the, auxilroy €uakbion; are,
AAly A Mt =0 q AL srech¥n Fo 5 AT Flechly

"
|
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oly 4 A =0 .53'_:2'1.4)'-;.:'9
ﬂ"! b ﬂ‘l . ¥

- o Jechtazo & _dy _sechlaczo
_} -?'E"'f' ec 75 é fr | ‘

4

=) g = Yy tenhn =g,
©L IO, Li:f‘lﬂn?fhg the, tholefendent- Janbbly x andy hfofey,

e_?uﬂhbn m bt tomed ,

’ﬁ'uﬁ —FEL;?-LEU%—ﬁIt?‘_'-F ;”-’; +Fu=8—@)

V4 gEY-Ynheea

A= ﬂﬁl‘- + 8f,§y * 5y N

= [ (.reﬁ.’n.}’-.aa-;a;_' - f-.uc.ﬁﬂi}-.ri:-_ﬂs c
T= 24§ 48 (G F 3;;5,7‘ ~+2.c5,
IS

= 2XL x seehba (=reekin ) —I"-E'-rga.l:"j' ? J_i.l-'fr

= — ¢sechix.

£
b= Hsm"‘"g;w 'TCC?H“"M*F# Sy

A A p
— 4. adechw Secha fanhn S0 (-fech®n) 0 ~ O~

Ejl=ﬁ!“ 'Eﬂrlll'l“. .
ANy + BTny + Clyy +D)x + E7,

==

E -
i g {-.!,--Hrﬁn--ftrhn "fﬂnl-_nj +f 04094040
—  —2fechtn funhn
fr F=0
ﬁ': ﬁ.-':ﬂ .
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